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e Usually subject to minimization




e Usually subject to minimization

¢ Not necessary a function as we know it from high school (like
f(x) = 2% +...) but may be arbitrarily complex. . .







e These objective functions can have different relations with each
other. !
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¢ Independent objective functions are unrelated to each other.
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¢ Independent objective functions are unrelated to each other.

o Example: Find a (1) fast car with (2) beautiful color.
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¢ Independent objective functions are unrelated to each other.

o Example: Find a (1) fast car with (2) beautiful color. — color and
speed may be optimized separately
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Independent Objectives %\’

¢ Independent objective functions are unrelated to each other.
e Example: Find a (1) fast car with (2) beautiful color. — color and
speed may be optimized separately

¢ Uninteresting. Problem can be decomposed into sub-problems which
can be optimized separately and solutions of sub-problems can be
composed to solution of overall problem
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e If two functions harmonize, then achieving an improvement in one
objective will also lead to an improvement in the other.
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e If two functions harmonize, then achieving an improvement in one
objective will also lead to an improvement in the other.

e Example: Find a (1) environmentally friendly car with (2) low fuel
consumption.
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e If two functions harmonize, then achieving an improvement in one
objective will also lead to an improvement in the other.

e Example: Find a (1) environmentally friendly car with (2) low fuel
consumption. —» considering one objective is sufficient
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e If two functions harmonize, then achieving an improvement in one
objective will also lead to an improvement in the other.

e Example: Find a (1) environmentally friendly car with (2) low fuel
consumption. —» considering one objective is sufficient

fi~x fi = [fi(er) < filwe) = fi(x1) < fi(@o)Va, 20 € X CX] (3)

e (definition is given over a subset X C X of the solution space)
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Harmonizing Objectives %()

e If two functions harmonize, then achieving an improvement in one
objective will also lead to an improvement in the other.

e Example: Find a (1) environmentally friendly car with (2) low fuel
consumption. —» considering one objective is sufficient

firex fi = [fi(er) < fi(z2) = fi(21) < fi(@2)Var, 22 € X CX] (3)
e (definition is given over a subset X C X of the solution space)

¢ Uninteresting. One of the objectives can be omitted / left away, as its
presence does neither change the result nor does it make the problem
easier
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e If two objectives conflict, then achieving an improvement in one of
means getting worse in the other one.
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e If two objectives conflict, then achieving an improvement in one of
means getting worse in the other one.

e Example: Find a (1) environmentally friendly car which (2) is really
fast.
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e If two objectives conflict, then achieving an improvement in one of
means getting worse in the other one.

e Example: Find a (1) environmentally friendly car which (2) is really
fast.

fi=x fj=[fi(z1) < fi(z2) = fi(21) > fi(@2)V21,20 € X CX] (4)

e (definition is given over a subset X C X of the solution space)
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e If two objectives conflict, then achieving an improvement in one of
means getting worse in the other one.

e Example: Find a (1) environmentally friendly car which (2) is really
fast.

fiex fj = fi(z1) < fi(x2) = fi(x1) > fij(z2)Var, 22 € X CX] (4)
e (definition is given over a subset X C X of the solution space)

e This is the really interesting situation — here we need to do something!
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e Usually, objective functions are neither purely harmonizing nor purely
conflicting




e Usually, objective functions are neither purely harmonizing nor purely
conflicting

e Instead, they may harmonize in some parts of the solution space and
conflict in others




Before we look any deeper on how to solve multi-objective optimization
problems, we should ask ourselfs. . .




Before we look any deeper on how to solve multi-objective optimization
problems, we should ask ourselfs. . .

What does “optimal” mean in the presence of multiple optimization
criteria?
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e Give priorities to the different objective functions. [




e Give priorities to the different objective functions. [
e |dea:
e e.g., speed is more important than environment friendlyness. . .




e Give priorities to the different objective functions. [
o |dea:

e e.g., speed is more important than environment friendlyness. . .
e e.g., nice design is more important than functionality. . .




e Give priorities to the different objective functions. [
e |dea:
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important than fs, ..., and f,_1 is more important than f,
¢ Method:

@ First consider only f; on X and obtain the set X‘E‘l) of solutions for this
single-objective problem.
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important than fs, ..., and f,_1 is more important than f,
¢ Method:

@ First consider only f; on X and obtain the set X‘E‘l) of solutions for this
single-objective problem.
®If |X'E‘1)| > 1, then consider only f5 and solve this single-objective
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e Give priorities to the different objective functions. [

e |dea:
e in an n-objective problem, f; is more important than f5, fo is more
important than fs, ..., and f,_1 is more important than f,
¢ Method:

@ First consider only f; on X and obtain the set X‘E‘l) of solutions for this
single-objective problem.
®If |X'E‘1)| > 1, then consider only f5 and solve this single-objective

problem on X?l) and obtain X?lﬂ)

e If |X?1,2)| > 1, then consider only f3 and solve this single-objective

and obtain X*

problem on X (12,3)

(1,2)




Optimization with Priorities %\’

e Give priorities to the different objective functions. [

e |dea:
e in an n-objective problem, f; is more important than f5, fo is more
important than f3, ..., and f,_1 is more important than f,
¢ Method:

@ First consider only f; on X and obtain the set X‘E‘l) of solutions for this
single-objective problem.

®If |)(?‘1)| > 1, then consider only f5 and solve this single-objective

problem on X‘E‘l) and obtain X?1,2)

o If |X‘E‘1 2)| > 1, then consider only f3 and solve this single-objective

and obtain X*

problem on X* (1.2.9)

(1,2)
® and soon. ..
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Optimization with Priorities %\’

e Give priorities to the different objective functions. [

e |dea:
e in an n-objective problem, f; is more important than f5, fo is more
important than f3, ..., and f,_1 is more important than f,
¢ Method:

@ First consider only f; on X and obtain the set X‘E‘l) of solutions for this
single-objective problem.

®If |)(?‘1)\ > 1, then consider only f5 and solve this single-objective

problem on X‘E‘l) and obtain X?1,2)

o If |X‘E‘1 2)| > 1, then consider only f3 and solve this single-objective

and obtain X*

problem on X* (1,2,3)

(1,2)
® and soon. ..
e Separate a multi-objective optimization problem into n
single-objective ones

Metaheuristic Optimization Thomas Weise 13/66



e Two 1-dimensional functions subject to maximization:
f = {fl, fg}, fz R— RV: € {1,2}

Ay - y:fl(x)
- y:f2(x)
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e Two 1-dimensional functions subject to maximization:
f=1{fi, f2}, fi :R=>RVi € {1,2}
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X, X, xeX,




e Two 1-dimensional functions subject to maximization:
F={f.fo}. fi : R RVi € {1,2}
o« X* = X?LQ) U X?Zl) = {Lf"l} U {'%2} = {i1v§72}

/ \y - y:fl(X)
— y:f2(X)
X, X, xeX,




° 'Ewo 2-dimensional functions to minimization:
F=Afs fa}, fi 1 R* = RVi € {3,4}
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e Two 2-dimensional functions to minimization:
F={fs, 1}, fi ' R2 > RVi € {3,4}
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e Two 2-dimensional functions to minimization:

f= {fs, fa}, fi : R* = RVi € {3,4}
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v/ Easy to perform

X No trade-off between objectives




v/ Easy to perform

X No trade-off between objectives

X Only extreme cases will be found
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e Sum up the objective values in a weighted sum 7]

ws(z) = Y wifi(x) = Y w;fi(x) ()
=1 vhef

e The multi-objective optimization problem is turned into a
single-objective problem

7 e X* & ws(a™) < ws(z) Vo € X (6)




e Sum up the objective values in a weighted sum 7]

ws(z) = Y wifi(x) = Y w;fi(x) ()
=1 vhef

e The multi-objective optimization problem is turned into a
single-objective problem

7 e X* & ws(a™) < ws(z) Vo € X (6)

e We can use any of the single-objective techniques we already know to
solve it. ..



e Two 1-dimensional functions subject to maximization:
f=1{fi, f2}, fi :R=>RVi € {1,2}

/\y £ (x)
— y=1, (X)
X, X, xeX,




e Two 1-dimensional functions subject to maximization:
f=1{fi, f2}, fi :R=>RVi € {1,2}




e Two 2-dimensional functions to minimization:
F={fs, 1}, fi ' R2 > RVi € {3,4}
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e Two 2-dimensional functions to minimization:

F={fs fa}. fi 1 R2 > RVi € {3,4}
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e Section of two functions subject to either maximization or

minimization

451
354
251

15+

y=g(x)
=f, (X)+f2(x)
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(4 Easy to implement

X Cannot handle objective functions which rise or fall with different
speeds properly

X How to set weights properly?
X Usually only finds one single element

X May not be able to discover the whole trade-off curve

X Objective functions are not always precise measures of utility, adding
them up thus does not always make sense
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e “Find a fast car which is environmentally friendly!”
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e Assume the following possible candidate solutions:
Car A: 200km/h with 4L/100km  Car B: 150 km/h with 9 L/100km
Car C: 250 km/h with 7L/100km  Car D: 175km/h with 7L/100km
Car E: 300 km/h with 11L/100km




e “Find a fast car which is environmentally friendly!”
e Assume the following possible candidate solutions:
Car A: 200km/h with 4L/100km  Car B: 150 km/h with 9 L/100km
Car C: 250 km/h with 7L/100km  Car D: 175km/h with 7L/100km
Car E: 300 km/h with 11L/100km
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e “Find a fast car which is environmentally friendly!”
e Assume the following possible candidate solutions:
Car A: 200 km/h with 4L/100km  Car B: 150km/h with 9L/100km
Car C: 250 km/h with 7L/100km  Car D: 175km/h with 7L/100km
Car E: 300 km/h with 11L/100km
e Clearly, car A is better than car D: it is faster and needs less fuels
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e “Find a fast car which is environmentally friendly!”
e Assume the following possible candidate solutions:
Car A: 200 km/h with 4L/100km  Car B: 150 km/h with 9L/100km
Car C: 250 km/h with 7L/100km  Car D: 175km/h with 7L/100km
Car E: 300 km/h with 11L/100km
e Clearly, car A is better than car D: it is faster and needs less fuels
e Car A is also better than car B: it is faster and needs less fuel
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e “Find a fast car which is environmentally friendly!”
e Assume the following possible candidate solutions:
Car A: 200km/h with 4L/100km  Car B: 150 km/h with 9 L/100km
Car C: 250 km/h with 7L/100km  Car D: 175km/h with 7L/100km
Car E: 300 km/h with 11L/100km
e Also, car D is better than car B: it is faster and needs less fuel
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e “Find a fast car which is environmentally friendly!”

e Assume the following possible candidate solutions:
Car A: 200km/h with 4L/100km  Car B: 150 km/h with 9 L/100km
Car C: 250 km/h with 7L/100km  Car D: 175km/h with 7 L/100km
Car E: 300 km/h with 11L/100km

e Car C is better than car D: it is faster at the same fuel consumption
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e “Find a fast car which is environmentally friendly!”
e Assume the following possible candidate solutions:
Car A: 200km/h with 4L/100km  Car B: 150 km/h with 9 L/100km
Car C: 250km/h with 7L/100km  Car D: 175km/h with 7L/100km
Car E: 300 km/h with 11L/100km
e Car C is better than car D: it is faster at the same fuel consumption
e Car Cis also better than car B: it is faster and needs less fuel
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e “Find a fast car which is environmentally friendly!”
e Assume the following possible candidate solutions:
Car A: 200 km/h with 4L/100km  Car B: 150km/h with 9L/100km
Car C: 250 km/h with 7L/100km  Car D: 175km/h with 7L/100km
Car E: 300 km/h with 11L/100km
e However, car C and A cannot be compared!
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e “Find a fast car which is environmentally friendly!”
e Assume the following possible candidate solutions:
Car A: 200 km/h with 4L/100km  Car B: 150km/h with 9L/100km
Car C: 250 km/h with 7L/100km  Car D: 175km/h with 7L/100km
Car E: 300 km/h with 11L/100km
e However, car C and A cannot be compared!
e Car A needs less fuel but is slower than car C
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e “Find a fast car which is environmentally friendly!”

e Assume the following possible candidate solutions:
Car A: 200 km/h with 4L/100km  Car B: 150km/h with 9L/100km
Car C: 250km/h with 7L/100km  Car D: 175km/h with 7L/100km
Car E: 300 km/h with 11L/100km

e However, car C and A cannot be compared!

e Car A needs less fuel but is slower than car C

e Car C is faster than car A, but needs more fuel

300
275
250
225
200
175
150
125
100

Top Speed (km/h)

£

D

B

Fuel Consumption!(/ 1001

1

2 3 4 5 6 7 8 9 10 11 12 13



e “Find a fast car which is environmentally friendly!”
e Assume the following possible candidate solutions:
Car A: 200km/h with 4L/100km  Car B: 150 km/h with 9 L/100km
Car C: 250 km/h with 7L/100km  Car D: 175km/h with 7L/100km
Car E: 300 km/h with 11 L/100km
e No car is better than car E
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e “Find a fast car which is environmentally friendly!”
e Assume the following possible candidate solutions:
Car A: 200km/h with 4L/100km  Car B: 150 km/h with 9 L/100km
Car C: 250 km/h with 7L/100km  Car D: 175km/h with 7L/100km
Car E: 300 km/h with 11 L/100km
e No car is better than car E
e But: No car is worse than car E!
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e “Find a fast car which is environmentally friendly!”

e Assume the following possible candidate solutions:
Car A: 200km/h with 4L/100km  Car B: 150 km/h with 9 L/100km
Car C: 250 km/h with 7L/100km  Car D: 175km/h with 7L/100km
Car E: 300 km/h with 11L/100km

e No car is better than car E

e But: No car is worse than car E!

e All cars are slower than car E, but all need less fuel

300
275
250
225
200
175 D

150 B
125

100 Fuel Consumption|(1/100kn))

12 3 4 5 6 7 8 9 10 11 12 13

Top Speed (km/h)
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¢ Pareto optimality defines the frontier of solutions that can be reached
by trading-off conflicting objectives in an optimal manner

[3, 20-25]




e Idea first developed by Edgeworth ¥/ and Pareto ™ in the last two
decades of the 19*" century

¢ Pareto optimality defines the frontier of solutions that can be reached
by trading-off conflicting objectives in an optimal manner [ 2%

e Pareto optimality became an important notion in economics, game
theory, engineering, and social science

g [26-29]




Pareto-based Approach %t)

o ldea first developed in the last two decades of the 19" century!’®

e Pareto optimality defines the frontier of solutions that can be reached
by trading-off conflicting objectives in an optimal manner [ 2°]

Definition (Domination)

An element z; dominates (is preferred to) an element zy (x; = x2) if 21
is better than x5 in at least one objective function and not worse with
respect to all other objectives. Based on the set fof objective functions f,
we can write:

r1 12y & Vie 1...n:>wifi(x1) < wifi(flfg) A

djel...n: wjfj(xl) < wjfj(xz) (7)
- 1 if f; should be minimized (8)
“i =\ =1 if f; should be maximized

Metaheuristic Optimization Thomas Weise 27/66



Pareto-based Approach %\’

e ldea first developed in the last two decades of the 19" century!™® ™I

e Pareto optimality defines the frontier of solutions that can be reached
by trading-off conflicting objectives in an optimal manner [ 2°]

An element 2* € X is Pareto optimal (and hence, part of the optimal set
X*) if it is not dominated by any other element in the solution space X.
X* is called the Pareto-optimal set or Pareto set.

freX*esArceX:iz 4 (7)

Metaheuristic Optimization Thomas Weise 27/66



Pareto-based Approach %()

e ldea first developed in the last two decades of the 19" century!™® ™I

e Pareto optimality defines the frontier of solutions that can be reached
by trading-off conflicting objectives in an optimal manner [ 2°]

Definition (Pareto Frontier)

For a given optimization problem, the Pareto front(ier) F* C R™ is defined
as the set of results the objective function vector f creates when it is
applied to all the elements of the Pareto-optimal set X*.

—

F* ={f(a*}: 2" € X¥) (7)

Metaheuristic Optimization Thomas Weise 27/66



¢ Non-dominated
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e Non-dominated: A
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¢ Non-dominated: A, C
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¢ Non-dominated: A, C, E
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¢ Non-dominated: A, C, E
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¢ Non-dominated: A, C, E

e Dominated: D, B

e Pareto set
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¢ Non-dominated: A, C, E

e Dominated: D, B

o Pareto set: X* = {A,C,F}
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Dominated: D, B

Pareto front

Non-dominated: A, C, E

Pareto set: X* = {4,C, E}
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¢ Non-dominated: A, C, E

e Dominated: D, B

o Pareto set: X* = {A,C,F}

e Pareto front: F* = {(4,200), (7,250), (11,300)}
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e Two 1-dimensional functions subject to maximization:
f: {f13f2}7fi :R— RV: S {1,2}

/\y £ (x)
— y=1, (X)
X, X, xeX,




e Two 1-dimensional functions subject to maximization:
f: {f15f2}7.fi :R— RV: S {1,2}
o X* = [z, z3] U [z5, z¢]




e Two 1-dimensional functions subject to maximization:
F={f1,fay, [i : R>RVi € {1,2}

e all € [x1,x9) are dominated by other points in the same region or in
[x2,z3] — f1 and f2 can be improved by increasing x




e Two 1-dimensional functions subject to maximization:
f: {f15f2}7.fi :R— RV: S {1,2}

* fiand fo harmonize in [z1,22): f1 ~[4, 4) f2




e Two 1-dimensional functions subject to maximization:
f: {f1, foy, fi :R— RVi € {1,2}
o fi(z1+A)> fi(x1) and fo(xr +A) > fo(zy) forall A <z — 2y




e Two 1-dimensional functions subject to maximization:
F=A{fi,foy, fi R RVi € {1,2}
e If we reach x5, the situation changes




e Two 1-dimensional functions subject to maximization:
F={f1,fay, [i : R>RVi € {1,2}

e 15 demarks the global maximum of fs — the point with the highest
possible fo value — which can never be dominated




e Two 1-dimensional functions subject to maximization:
F=A{fi,foy, fi R RVi € {1,2}
e From here on, f5 will decrease for some time, but f; keeps rising.




e Two 1-dimensional functions subject to maximization:
F={f1,fay, [i : R>RVi € {1,2}

e If we now go a small step A to the right, we will find a point z5 + A
with fQ(:EQ + A) < fg(mg) but also fl(l’Q + A) > f1($2).




e Two 1-dimensional functions subject to maximization:
f: {f15f2}7fi :R— RV: S {1,2}

e One objective can only get better if another one degenerates, i.e., f;
and fy conflict fi #[y, 44] fo.




e Two 1-dimensional functions subject to maximization:
F=A{fi,foy, fi R RVi € {1,2}
¢ No point in [z, z2) dominates any point in [z2, 24]




e Two 1-dimensional functions subject to maximization:
F=A{fi,foy, fi R RVi € {1,2}
e f1 keeps rising until x4 is reached.




e Two 1-dimensional functions subject to maximization:
F=A{fi,foy, fi R RVi € {1,2}
o At x3 however, f steeply falls to a very low level — lower than fo(x5).




e Two 1-dimensional functions subject to maximization:
F={f1,fay, [i : R>RVi € {1,2}

e The f; values of the points in [x5, z¢] are also higher than those of
the points in (x3, z4]




e Two 1-dimensional functions subject to maximization:
F={f1,fay, [i : R>RVi € {1,2}

e All points in the set [x5, 2] (which also contains the global maximum
of f1) dominate those in (x3,z4).




e Two 1-dimensional functions subject to maximization:
F={f1,fay, [i : R>RVi € {1,2}

o All points in [x4,x5] and after z¢ are also dominated by the
non-dominated regions just discussed.




e Grid-based resolution of two 2-dimensional functions to minimization:
F={fs, 1}, fi ' R2 > RVi € {3,4}
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e Grid-based resolution of two 2-dimensional functions to minimization:
F={fs fa}. fi 1 R* > RVi € {3,4}

o X* = X7 UX; UX35UXj are not dominated by any other candidate
solution

/AN ?V'::O,

’0\\‘ /lI£ “‘ e l:

2 / N\
/I"‘\‘ \\\ " \\»

l\\ ' / /"

#dom(x,X) = [{x': (' € X)A
(2" 4 o)}




e Goal: Uniformity of convergence — many solutions close to Pareto
Front that cover many different “optimal” characteristics

front returned
f, by the optimizer

true optima

f, f,

Bad convergence, good
spread (uniformity) ©”

Good convergence, Good conver-
bad spread (non- gence, good spread
uniformity) (uniformity) *
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v/ Relative rising/falling speed of objective functions plays no role
(big-O class irrelevant)

v/ No weights or additional parameters necessary

v/ Results are best trade-off solutions —» Operator can make informed
decision

v/ Multiple solutions can be discovered

X Maybe too many solutions will be discovered




Pareto-based Approach §\

Relative rising/falling speed of objective functions plays no role
(big-O class irrelevant)

No weights or additional parameters necessary

Results are best trade-off solutions — Operator can make informed
decision

Multiple solutions can be discovered
X Maybe too many solutions will be discovered

X In many problems, the number of Pareto-optimal solutions may be
infinite — Which to chose?

Metaheuristic Optimization Thomas Weise 32/66
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¢ Multi-objective Evolutionary Algorithms (MOEAs) can deal with
multiple, conflicting objectives [ > 73151

e The goal is to return a good approximation of the Pareto front with a
good spread

e How can we incorporate multiple objectives in the Scheme of EAs?

e Traditional selection schemes cannot be used as is, becaus now we

—

have a vector f(p.x) of objective values per individual instead of a
single scalar value




MOEAs and Fitness Assignment %\,

Multi-objective Evolutionary Algorithms (MOEAs) can deal with
multiple, conflicting objectives [ 2 7 315

The goal is to return a good approximation of the Pareto front with a
good spread

How can we incorporate multiple objectives in the Scheme of EAs?

Traditional selection schemes cannot be used as is, becaus now we

—

have a vector f(p.z) of objective values per individual instead of a
single scalar value

Introduce fitness assignment process into the EA which maps the

—

objective value vectors f(p.x) to scalar fitness values v(p)

Metaheuristic Optimization Thomas Weise 34/66



MOEAs and Fitness Assignment %\’

Multi-objective Evolutionary Algorithms (MOEAs) can deal with
multiple, conflicting objectives [*' > 7 375

The goal is to return a good approximation of the Pareto front with a
good spread

How can we incorporate multiple objectives in the Scheme of EAs?

Traditional selection schemes cannot be used as is, becaus now we

have a vector f(p.z) of objective values per individual instead of a
single scalar value

Introduce fitness assignment process into the EA which maps the

—

objective value vectors f(p.x) to scalar fitness values v(p)

After such a scalar fitness has been assigned, the traditional selection
schemes (fitness proportionate, tournament, ...) can be used!

Metaheuristic Optimization Thomas Weise 34/66



e Nullary search operation to create initial individuals: create a
population of random bit strings

Initial Population

create an initial
population of random
individuals

values

Selection

crossover and mutati




e Map the genotypes to phenotypes
e The GPM is usually problem-dependent

use lhs objective values
to determine fitness
values

obtain the p enotypes

-
e g TR -
- TSI . o Selection

crossover and mutatiof




e Evaluate the objective functions — each solution may have different
featues

—

o Each candidate solution 2 now has a vector of objective values f(x)

to determine fitness
values

crossover and mutatio




e Fitness is relative: e.g., Pareto optimal inside population means
non-dominated by the other individuals

] U (o bl
0 olu
i S

ess Assignment
use the objective values
to determine fitness
values

| —

obtain t -ag enotypes

o E—

Selection




Evolutionary Algorithms: Selection

e Select the best individuals with highest probability

Evaluation

compute the objective
values of the solution
candidates

GPM

apply the genotype-
phenotype mapping and
obtain the phenotypes

Reproduction

create new individuals
from the mating pool by,
crossover and mutation

Fitness Assignment

use the objective values
to determine fitness
values

Selection

select the fittest indi-
viduals for reproduction

Metaheuristic Optimization
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Evolutionary Algorithms: Reproduction

e Mutation and recombination

Evaluation

compute the objective
values of the solution
candidates

GPM

apply the genotype-
phenotype mapping and
obtain the phenotypes

Reproduction

create new individuals
from the mating pool by,
crossover and mutation

Fitness Assignment

use the objective values
to determine fitness
values

Selection

select the fittest indi-
viduals for reproduction

Metaheuristic Optimization

Thomas Weise
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e Start with new population in next generation.

values

Selection

crossover and m




Basic MOEA

X +— basicMOEA( )F pS, mps)

begin

pop <— create initial population

while —shouldTerminate do
perform genotype-phenotype mapping
compute objective values
assign fitness
matePool «— select parents from pop
pop <— apply reproduction operations

return non-dominated solutions in pop

Metaheuristic Optimization Thomas Weise
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Basic MOEA

”

>
<

X ba,sicl\‘“[OEA(,)?, pS, mps)

begin

pop <— create initial population
while —should Terminate do

perform genotype-phenotype mapping EA

compute objective values
assign fitness

matePool <— select parents from pop generation counter
pop <— apply reproduction operations

return non-dominated solutions in pop

e A Multi-Objective Evolutionary
Algorithm works like a normal

e |Initialize first generation and

Metaheuristic Optimization

Thomas Weise 42/66



Basic MOEA

>
<

”

X ba,sicl\‘“[OEA(,)?, pS, mps)

begin

pop <— create initial population
while —should Terminate do generation counter
perform genotype-phenotype mapping
compute objective values
assign fitness
matePool «— select parents from pop
pop <— apply reproduction operations solutions

return non-dominated solutions in pop

e |[nitialize first generation and

e Perform genotype-phenotype
mapping: transform points in
search space to candidate

Metaheuristic Optimization Thomas Weise
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Basic MOEA

>
<

”

X ba,sicl\‘“[OEA(,)?, pS, mps)

begin

pop <— create initial population

while —shouldTerminate do
perform genotype-phenotype mapping
compute objective values
assign fitness
matePool «— select parents from pop
pop <— apply reproduction operations

return non-dominated solutions in pop

e Perform genotype-phenotype
mapping: transform points in
search space to candidate
solutions

e Compute objective values for
all objective functions on all
individuals

Metaheuristic Optimization Thomas Weise 42/66



Basic MOEA

X +— basicMOEA( )F pS, mps)

begin

pop <— create initial population

while —shouldTerminate do
perform genotype-phenotype mapping
compute objective values
assign fitness
matePool «— select parents from pop
pop <— apply reproduction operations

return non-dominated solutions in pop

e Compute objective values for
all objective functions on all
individuals

e Execute fitness assignment
process: transform vectors of
objective values to scalar
fitness

Metaheuristic Optimization Thomas Weise 42/66



Basic MOEA

>
<

”

X ba,sicl\‘“[OEA(,)?, pS, mps)

begin

pop <— create initial population
while —should Terminate do

e Execute fitness assignment
process: transform vectors of

perform genotype-phenotype mapping objective values to scalar

compute objective values fitness
assign fitness

matePool «— select parents from pop
pop <— apply reproduction operations algorithm

return non-dominated solutions in pop

e Use (e.g., traditional) selection

Metaheuristic Optimization Thomas Weise
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Basic MOEA

X ba,sicl\‘“[OEA(,)?, pS, mps)

begin

pop <— create initial population

while —shouldTerminate do
perform genotype-phenotype mapping
compute objective values
assign fitness

matePool «— select parents from pop
pop <— apply reproduction operations

return non-dominated solutions in pop

e Use (e.g., traditional) selection
algorithm

e Apply reproduction operators
mutation and crossover

Metaheuristic Optimization

Thomas Weise 42/66
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¢ So far, we our optimization algorithms return one single solutions
e Pareto frontier can contain multiple solutions

e If we want to do Pareto-based optimization, we need to deal with
that. ..

e Currently, we update the single, best solution

¢ Now: Maintain archive of the best (non-dominated) solutions

e Danger: Archive may grow very big = set size limit




Dealing with Multiple Solutions %\

e So far, we our optimization algorithms return one single solutions
e Pareto frontier can contain multiple solutions

e If we want to do Pareto-based optimization, we need to deal with
that. ..

e Currently, we update the single, best solution
¢ Now: Maintain archive of the best (non-dominated) solutions
e Danger: Archive may grow very big = set size limit

e If size limit is reached: delete elements from the archive (maybe
randomly, maybe based on density information).

Metaheuristic Optimization Thomas Weise 43/66
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e Reflect the Pareto dominance relationship of the individuals in the
population in the fitness! [#% %]




e Reflect the Pareto dominance relationship of the individuals in the
population in the fitness! [** >+l

Example: two-
objective problem
with 15 individuals
(1) to (15)




e Reflect the Pareto dominance relationship of the individuals in the
population in the fitness! [** >+l

e |dea: Count the number dominates(p, pop) of individuals that the
individual p and set l/(p) = 1/(1+dominates(p,pop))




Pareto Ranking: First (Wrong) Idea

e Reflect the Pareto dominance relationship of the individuals in the
population in the fitness! 1! 5°¢]

® |dea:

=

@ N o o

=R W e o

Count
dominates(p, pop)

als that the individual p and set
I/(p) = 1/(1—‘,—dominates(p,pop))

the
of

number -

. p dominated by p v(p)
individu- 1] (56,89, 14, 15) 1/7
2[16.7.8.9,10, 11,13, 14,15 | 1/10
3| {12, 13, 14, 15} 1/5

4| D 1
5 | {8, 15) 1/3
6| (8,9, 14, 15) 1/5
7 [ {9, 10, 11, 14, 15 1/6
8 | {15} 1/2
9 | {14, 15} 1/3
10 | {14, 15} 1/3
1 | (14, 15} 1/3
12 | {13, 14, 15} 1/4
13 | {15) 1/2
14| (15) 1/2

15| @ 1
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Pareto Ranking: First (Wrong) Idea

e Reflect the Pareto dominance relationship of the individuals in the

® |dea:

=

@ N o o

[ RSN

population in the fitness! 1! 5°¢]

v(p)

Count the number i
. T p dominated by p v(p)
dominates(p,pop) of individu- T1.6.89 14,15 1/7
als that the individial n and <et 2[16.7.8,9,10,11,13,14,15) [ 1/10
3| {12, 13, 14, 15} 1/5
Are individual 4 and 15 really asl| 2 [ 1
same as interesting? S| {8.15) 1/3
6 | (8.9, 14, 15} 1/5
7 | {9. 10, 11, 14, 15} 1/6
® 8 | {15} 1/2
9| (14, 15) 1/3
10 [ {14, 15} 1/3
11 | {14, 15} 1/3
12 | 13,14, 15} 1/4
13 (15} 1/2
14 | {15} 1/2
"""""" 15| @ 1
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Pareto Ranking: First (Wrong) Idea

e Reflect the Pareto dominance relationship of the individuals in the

=

@ N o o

® |dea: Count the number i
. C e . p dominated by p v(p)
dominates(p,pop) of individu- T1.6.89 14,15 1/7
als that the individial n and <et 2(1(6,7,8,910, 11,13, 14,15} [ 1/10
(p) — 3| {12, 13, 14, 15} 1/5
Are individual 4 and 15 really asl| 2 [ 1
same as interesting? S| {8.15) 1/3
. L 6 | (8.9, 14, 15} 1/5
| | Is individual 4 really worse than § =7 55071 14,15 1/6
© [lindividual 27 8 | (15 1/2
i 9 | {14, 15} 1/3
\”J v 10 | {14, 15} 1/3
i 11 | {14, 15} 1/3
9 12 | (13, 14, 15} 1/4
13 [ (15} 1/2
14 | {15} 1/2
15| @ 1

=R W e o

population in the fitness! 1! 5°¢]

v
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Pareto Ranking: First (Wrong) Idea

e Reflect the Pareto dominance relationship of the individuals in the

® |dea: Count the number _

. T p dominated by p v(p)
dominates(p,pop) of individu- T1.6.89 14,15 1/7
als that the individial n and <et 2(1(6,7,8,910, 11,13, 14,15} [ 1/10

= 3 [ {12, 13,14, 15 1/5
v(p) Are individual 4 and 15 really asI 4l o 1
same as i | S - '8, 15) 1/3

S . 8,9, 14, 15
wf\ | ] Is individi énq1u1i1a 1;2
t\l © Jindividual Of course not! 15} 1/2

84 i —— . . h

] L. I This method is bad. | 4.1 1/3
(7)__ W W 14, 15) 1/3
) § 14, 15} 1/3
N 3 © 0 12 | 113, 14, 15} 1/4
3 13 | {15} 1/2
24 ) 14 | {15} 1/2
n Pareto Frontier TSN 15 1%} {

population in the fitness! 1! 5°¢]
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e Reflect the Pareto dominance relationship of the individuals in the
population in the fitness! [** >+l

e |dea: Count the number #dom(p, pop) of individuals in the
population that dominate individual p, set v(p) = #dom(p, pop)




Pareto Ranking

e Reflect the Pareto dominance relationship of the individuals in the

® Pareto Ranking: Count the number
#dom(p, pop) of individuals in the
population that dominate individual

p, set v(p) = #dom(p, pop)

=

@ N o o

=R W e o

population in the fitness! 1! 5°¢]

#dom(p, Pop)

v(p)

o

QIR

{1}

{1,2}

{2}

{1,2,5, 6}

©|o|~|o|o|n|w[n|=|=

{1,2,6,7}

2.7

2,7}

{3}

(2,3, 12}

{1,2,3,6,7,9,10, 11, 12}

{1,2,3,5,6,7,8,9,10,11,12,13,14}

WO | W[ (NN DB =N | = [o|lo|o

[y
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Pareto Ranking

e Reflect the Pareto dominance relationship of the individuals in the

® Pareto Ranking: Count the number

=

@ N o o

=R W e o

population in the fitness! 1! 5°¢]

p, se

o . P #dom(p, P

#dom(p, pop) of individuals in the 112 omp. op) v(]()))
population that dominate individual 2o 0
3|9 0
All the non-dominated individu- | 42 0
als have the same, best possible g {1} ;

. {1,2}

|

fitness! 7T 1
8 [{1,2 5,6 4
91,267} 4
10 |{2, 7} 2
11 {2, 7} 2
12 (3} 1
13 [{2, 3, 12} 3
14 [{1,2,3,6,7,9,10, 11, 12} 9
15 [{1,2,3,5.6,7,8,9,10,11,12,13,14} | 13
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Pareto Ranking %\’

1AQ

paretoRank(pop)

begin
22foreach p € pop do p.y +— 0
e Pareto ranking can easily be

for i <— 1 up to ps — 1 do implemented (see ° for better
p1 <— pop[i] method):
for j«— Ouptoi—1do
p2 <— poplj]

if p1 - p2 then pa.y «— p2.y + 1

if po 4 p1 then p1.y «— pr.y+1

Metaheuristic Optimization Thomas Weise 48/66



Pareto Ranking

paretoRank(pop)

begin
22foreach p € pop do p.y +— 0

for i <— 1 up to ps — 1 do
p1 +— popli]
for j«— Ouptoi—1do
p2 <— poplj]
if p1 - p2 then pa.y «— p2.y + 1

if po 4 p1 then p1.y «— pr.y+1

e Pareto ranking can easily be
implemented (see ®° for better
method):

e Initialize fitness of all
individuals to zero (Fitness is
subject to minimization)
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Pareto Ranking %0"

paretoRank(pop)

begin
22foreach p € pop do p.y «— 0
e Pareto ranking can easily be

for i «<— 1 up to ps —1do implemented (see ®° for better
p1 — pop[] method):
for j«— Ouptoi—1do
p2 <— poplj] e |Initialize fitness of all
if p1 ~ p2 then po.y <— po.y + 1 individuals to zero (Fitness is

. subject to minimization)
if po 4 p1 thenpr.y<—pry+1

e Compare each individual p;. ..
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Pareto Ranking

paretoRank(pop)

begin
22foreach p € pop do p.y +— 0

for i <— 1 up to ps — 1 do
p1 +— popli]
for j«— Ouptoi—1do
p2 <— poplj]
if p1 - p2 then pa.y «— p2.y + 1

if po 4 p1 then p1.y «— pr.y+1

e Pareto ranking can easily be
implemented (see ®° for better

method):

e Compare each individual p;. ..

e . ..with each other individual

D2
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Pareto Ranking

paretoRank(pop)

begin
22foreach p € pop do p.y +— 0

for i <— 1 up to ps — 1 do
p1 <— popli]
for j«— Ouptoi—1do
p2 <— poplj]
if p1 - p2 then po.y <— pa.y + 1

if po 4 p1 then p1.y «— pr.y+1

e Pareto ranking can easily be
implemented (see ®° for better

method):

e .. with each other individual

D2

e If p; wins, count it as loss for
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Pareto Ranking %@}

paretoRank(pop)

begin

22foreach p € pop do p.y +— 0
e Pareto ranking can easily be
for i «<— 1 up to ps —1do implemented (see ®° for better
p1 — pop[] method):
for j«— Ouptoi—1do
p2 <— poplj] e If p; wins, count it as loss for
if p1 - p2 then pa.y «— p2.y + 1 Do
if po o p1 then p.y <— pr.y + 1 e If po wins, count it as loss for
Y41
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ing?
How to use Pareto Ranking? %‘)’.

e Pareto Ranking translates the vectors of objective values to scalar
fitness, depending on the population structure

e Scale of the fitness values independent of scale of objective values

e Can be comined with all traditional selection schemes:

@ Tournament Selection

@® Truncation Selection
® 2also with Roulette Wheel selection: Pareto rank is scale-independent

and thus, the problems of Roulette Wheel selection (for fitness
minimization) do not occur. ..
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@ Introduction

@ Lexicographic Optimization
® Weighted-Sum Approach
0 Pareto-based Approach

@ VOEAs

@ Pareto Ranking

@ Problems






How about diversity?

N | | |
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|
7 @@———— One more thing though: !ndivid— -
61 | @ uals (1) and (2) reside in well-
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N y ata border... Should they really |
have the same fitness?
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How about diversity?

®

One

more thing though: Individ—I -

raN v/AN -

v o c

Of course not, if we want to
have a good spread, solution (4)

is more interesting. . .
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Practical MOEAs %()

e Most practical MOEAs combine Pareto ranking information with
some form of diversity enhancing measure!
¢ Good examples are:
@ NSGA-II by Deb et al.® (Pareto rank combined with the crowding
distance in objective space)
@® SPEA-2 by Zitzler et al. ™ (Pareto-domination based strength together
with distance to the k nearest neighbor in objective space)
® PESA by Corne et al.* (Pareto domination and number of other
individuals in the same hyper-box in a grid defined over the search
space)
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o NSGA-II B 357 is one of the most well-known multi-objective EAs
e Divide population into Pareto fronts according the domination
criterion:

@ seti<—1

@® Find all non-dominated individuals, put them into “front 4"

® (temporarily) remove all individuals in "“front ¢" from population
O Seti<+—i+1

® If population not empty, go to step @.
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e NSGA-II 5357 is one of the most well-known multi-objective EAs
¢ Divide population into Pareto fronts according the domination

criterion
e To obtain a good spread of solutions along the Pareto front, the
diversity in the population must be preserved
e Within each “front ¢", the solutions are sorted according to their
crowding distance cd:
@ For each individual p set p.cd +— 0

@ For each objective f; do:
@ L; < list of the k individuals in “fromt ¢" sorted according to f;
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¢ Divide population into Pareto fronts according the domination

criterion
e To obtain a good spread of solutions along the Pareto front, the

diversity in the population must be preserved
e Within each “front ¢", the solutions are sorted according to their
crowding distance cd:
@ For each individual p set p.cd +— 0
@ For each objective f; do:
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e NSGA-II 5357 is one of the most well-known multi-objective EAs
¢ Divide population into Pareto fronts according the domination

criterion
e To obtain a good spread of solutions along the Pareto front, the

diversity in the population must be preserved
e Within each “front ¢", the solutions are sorted according to their
crowding distance cd:
@ For each individual p set p.cd +— 0
@ For each objective f; do:
@ L; < list of the k individuals in “fromt ¢" sorted according to f;
@ Set Lj[l].cd +— Lj[k].cd +— oo
® Forl<+—2to<+—k—1do:
Ll Tied 1 5 L
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e NSGA-II 5357 is one of the most well-known multi-objective EAs
¢ Divide population into Pareto fronts according the domination

criterion
e To obtain a good spread of solutions along the Pareto front, the
diversity in the population must be preserved
e Within each “front ¢", the solutions are sorted according to their
crowding distance cd:
@ For each individual p set p.cd +— 0
@ For each objective f; do:
@ L; < list of the k individuals in “fromt ¢" sorted according to f;
@ Set Lj[l].cd +— Lj[k].cd +— oo
® Forl+—2to+— k—1do:
Lyll).cd «— L;[i].cd+ 0 ”L“[]k]fJL =
® Sort all individuals in “front 7" accordlng to their crowding distance cd
descendingly
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o NSGA-IIE% 3757 is one of the most well-known multi-objective EAs

¢ Divide population into Pareto fronts according the domination
criterion

e To obtain a good spread of solutions along the Pareto front, the
diversity in the population must be preserved

e Within each “front ¢", the solutions are sorted according to their
crowding distance cd

e Individual A is better than individual B if it is in a lower front or if
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NSGA-11 375" is one of the most well-known multi-objective EAs
Divide population into Pareto fronts according the domination
criterion

To obtain a good spread of solutions along the Pareto front, the
diversity in the population must be preserved

Within each “front ¢", the solutions are sorted according to their
crowding distance cd

Individual A is better than individual B if it is in a lower front or if
they are in the same front and A has a higher cd

Truncation selection is performed on this sorted population

Elitism: Parents and children compete with each other
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o NSGA-IIE% 3757 is one of the most well-known multi-objective EAs

¢ Divide population into Pareto fronts according the domination
criterion

e To obtain a good spread of solutions along the Pareto front, the
diversity in the population must be preserved

e Within each “front ¢", the solutions are sorted according to their
crowding distance cd

e Individual A is better than individual B if it is in a lower front or if
they are in the same front and A has a higher cd

e Truncation selection is performed on this sorted population
e Elitism: Parents and children compete with each other

e Read % 3757 for more details.
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e Most studies consider mainly bi-objective problems [“7 %!
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¢ Pareto-(ranking) based optimization performs very bad if the number
n of objective functions is too high! 176062
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¢ Pareto-(ranking) based optimization performs very bad if the number
n of objective functions is too high! 176062

e Most studies consider mainly bi-objective problems [“7 %!

e When the dimension of the MOPs increases, the majority of the
candidate solutions become non-dominated
e The increasing dimensionality of the objective space leads to three
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@ The performance of traditional approaches based solely on Pareto
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@® The utility of the solutions cannot be understood by the human
operator anymore.
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e When the dimension of the MOPs increases, the majority of the
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e The increasing dimensionality of the objective space leads to three
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e Can we now solve problems with arbitrarily many optimization goals?

¢ Pareto-(ranking) based optimization performs very bad if the number
n of objective functions is too high! 176062

e Most studies consider mainly bi-objective problems [“7 %!

e When the dimension of the MOPs increases, the majority of the
candidate solutions become non-dominated

e The increasing dimensionality of the objective space leads to three
main problems [*:

@ The performance of traditional approaches based solely on Pareto
comparisons deteriorates.

@® The utility of the solutions cannot be understood by the human
operator anymore.

® The number of possible Pareto-optimal solutions may increase
exponentially.

e Therefore: Do NOT use too many objective functions!
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e Many problems are multi-objective by nature, for example Genetic
Programming: minimize Symbolic Regression expression size and error
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Many problems are multi-objective by nature

If objectives conflict, a special treatment is necessary

Pareto ranking is a good idea: incorporated into MOEAs

Many treatments (e.g., Pareto) can be reduced to binary comparisons
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