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@ Unsatisfying Convergence
® Ruggedness & Causality
@ Deceptiveness

@ Neutrality

@ Epistasis

@ Scalability

@ No Free L unch Theorem
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e So far, we have discussed several different optimization methods.
e You now have some experience in solving optimization problems.

* You may have seen that for some problems, we can find the best
solution rather easily.

e For other problems, the solutions that we get seem to be rather bad.
e Why?
e What makes optimization difficult?
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e Some things are pretty clear:
e For some problems (e.g., the finding shortest paths in a graph) there
are deterministic algorithms that can give the optimal solutions quickly.
e For other problems, either no such method exists or it is not feasible
(too slow).
We have looked on some of these problems (Partitioning, TSP, ...)
And used different algorithms to solve them
Some algorithms worked well, some worked not so well.
The solution quality we get depends on the algorithm we use.
Different algorithms deal with the difficulties of optimization tasks
differently.
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Why is optimization difficult?

e Some things are pretty clear:

For some problems (e.g., the finding shortest paths in a graph) there
are deterministic algorithms that can give the optimal solutions quickly.
For other problems, either no such method exists or it is not feasible
(too slow).

We have looked on some of these problems (Partitioning, TSP, ...)
And used different algorithms to solve them

Some algorithms worked well, some worked not so well.

The solution quality we get depends on the algorithm we use.
Different algorithms deal with the difficulties of optimization tasks
differently.

There may be different aspects that render a problem difficult.

Metaheuristic Optimization Thomas Weise 4/72
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So let us discuss these topics step-by-step

We first look into what makes a problem hard in the traditional sense,
for deterministic algorithms.

Then we discuss what good and bad solutions are.

Problems where we can only get bad solutions are difficult.

So we discuss different features that make them difficult.

And countermeasures!

A good summary on this topic given in our recent article
“Evolutionary Optimization: Pitfalls and Booby Traps” ™.
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e If we have a deterministic algorithm that finds the exact solutions for
a family problems. ..
e we want to know:
e How much time will it need?
e How much memory will it consume?
o This usually depends (amongst other things) on the input size:
e How long it takes to solve a TSP depends on number of cities
e Determine whether a number is prime or not — space/time depends on
scale of number
o Of course, the time/space needed does not just depend on the input
size: It is easy to see that there may be hard and easy TSPs with the
same number of cities. . .
e For a given input size, there might be a best, worst, and average case
scenarios.
e Under algorithmic complexity we can thus understand the average,
minimum, or maximum time/space an algorithm needs to finish, as
function on the input size.

Metaheuristic Optimization Thomas Weise 7/72
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f(z) € O(g(x)) & Fwg € R,m € RT + [f(2)] < mlg(z)| Vo >z (1)
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e We have discussed how long an algorithm needs to exactly solve a
problem

o Let's make a statement about the problem in general...
e Problem Hardness:

e time/resources required at least to solve a problem

e based on best exact algorithm known for the problem or theoretical
bounds

e depends on the machine solving it

e If we are conservative, we consider the worst case scenarios, since we
cannot really know what problem we will exactly get in practice.

e Can we make this even more general?

Metaheuristic Optimization Thomas Weise 10/72



o Deterministic Turing Machine (DTM) FI
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® NTMs can be simulated by DTMs, but required steps grow
exponentially with the length of the shortest accepting path

® Problems which can be solved by a DTM (or “normal” computer) in
polynomial time are in class P (algorithm in O(zP) with p € Ny)
® Problems which can be solved by a NTM in polynomial time are in
the class NP
e P C NP (all problems in P are also in N'P)
e NP C P, ie, P=NP: research question, probably does not hold
e Algorithm for problem A can also solve problem B: B is not harder
than A, B reduces to A
e All other problems in NP can be reduced to N'P-hard problems
e No (worst-case) polynomial-time and -space algorithm known for
NP-hard problems

Metaheuristic Optimization Thomas Weise 12/72
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e |t cannot be guaranteed to always find the globally optimal solution
for such problems in reasonable time.

@ If we try to find the exact globally optimal solution of these problems,
it may take very long in the worst case. ..

@ ...but it may also be possible in acceptable time (in the best or even
average case).

® Example: For several pure, classical problems like the TSP, exact
solutions can be found for problems with large scale in reasonable time
(TSP: instances with > 75000 cities have been solved!).

O (Meta-)Heuristic algorithms may provide very good approximate
solutions very quickly and often even find the global optimum in a
short time ... but often cannot make good guarantees neither about
runtime nor solution quality.

@ \We need to trade-off runtime vs. solution quality, especially if the
problem is not well-researched.
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e OK, so let us use a randomized algorithm that gives an approximate
solution instead of a deterministic exact algorithm!

e We cannot expect to get the global optimum
e We are interested in the quality of the solutions that we can get

e What features of problems or algorithms allow us to get good
solutions?

o When/why can we not get good solutions?
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Convergence §\’

e Let us start at the end!

* Sooner or later, every optimization process ends (converges)

An optimization algorithm has converged if it cannot reach new candidate
solutions anymore or if it keeps on producing candidate solutions from a
small subset of the solution space X. [

A function/optimization problem is multi-modal if it has more than one

minimum / maximum /optimum. [***
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e Uniformity of convergence: We want a good scan of the potentially
optimal features
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Exploitation: analyze neighborhood of current best solutions: fast
improvement/convergence
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® it should be possible to reach all other points in the search space from
the current one
e ideally within one search step
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solutions
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e only sometimes "
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» Countermeasures against Premature Convergence

@ Delay convergence by balancing exploration and exploitation and
remembering diverse candidate solutions ** ' 2!

@ Design complete search operators 2

© Restarting "%

@ Low selection pressure and/or larger population size ***!

@ Sharing, Niching, and Clearing !

@ Clustering of candidate solutions [**=*7);

e Clustering: unsupervised machine learning — divide a set of elements
into groups of similar elements

® Here: cluster population, treat every cluster separately
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» Countermeasures against Premature Convergence

@ Delay convergence by balancing exploration and exploitation and
remembering diverse candidate solutions ** ' 2!
@ Design complete search operators 2
© Restarting "%
@ Low selection pressure and/or larger population size ***!
@ Sharing, Niching, and Clearing !
@ Clustering of candidate solutions [**=*7);
e Clustering: unsupervised machine learning — divide a set of elements
into groups of similar elements
® Here: cluster population, treat every cluster separately
e Allows the population to trace different optima at once
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@ Delay convergence by balancing exploration and exploitation and
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@ Design complete search operators 2
© Restarting "%
@ Low selection pressure and/or larger population size

30-45]

® Sharing, Niching, and Clearing!
@ Clustering of candidate solutions 7]
@ Self-Adaptation % 59
e change parameters of optimization algorithm in order to prevent (or
speed-up) convergence
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e Countermeasures against Premature Convergence
@ Delay convergence by balancing exploration and exploitation and
remembering diverse candidate solutions ** ' 2!

@ Design complete search operators 2

© Restarting "%

@ Low selection pressure and/or larger population size ***!

@ Sharing, Niching, and Clearing !

@ Clustering of candidate solutions 7]

@ Self-Adaptation % %

@® Multi-Objectivization -7:

® turn a single-objective problem into an multi-objective one by creating

an artificial objective function targeting one specific aspect of the
solutions
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Countermeasures %\’

» Countermeasures against Premature Convergence

@ Delay convergence by balancing exploration and exploitation and
remembering diverse candidate solutions ** ' 2!
@ Design complete search operators 2
© Restarting "%
@ Low selection pressure and/or larger population size ***!
@ Sharing, Niching, and Clearing !
@ Clustering of candidate solutions 7]
@ Self-Adaptation % %
@® Multi-Objectivization -7:
® turn a single-objective problem into an multi-objective one by creating
an artificial objective function targeting one specific aspect of the
solutions
e Pareto-based optimization (see Lesson 15: Multi-Objective
Optimization) then increases diversity
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@ Complexity

@ Unsatisfying Convergence
® Ruggedness & Causality
@ Deceptiveness

@ Neutrality

@ Epistasis

@ Scalability

e



landscape difficulty increases

unimodal multimodal somewhat rugged very rugged

e Why??




e Basic assumption behind metaheuristic optimization:




e Basic assumption behind metaheuristic optimization:

e What happens if the causality in a problem is weak?
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@ Hybridization of EAs with local search:

e Lamarckian evolution ™ ™
e Baldwin effect [*7°;
e EA + local search on the phenotype level
e Each phenotype is the result of a GPM applied to a genotype
® The phenotype is then refined with a local search
® The fitness landscape appears smooth to the EA, as it only sees local
optima and not the rugged spikes in between




@ Hybridization of EAs with local search:
e Lamarckian evolution [* 7!
e Baldwin effec
e Memetic Algorithms [™¢

1 [73-76]
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e Baldwin effect 7

e Memetic Algorithms [
e Similar to Baldwin effect and Lamarckian evolution
® The search operations themselves perform some local optimization
® The fitness landscape appears smooth to the EA, as it only sees local

optima and not the rugged spikes in between
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® Hybridization of EAs with local search:
Lamarckian evolution ['* 7!

Baldwin effect [*7°

Memetic Algorithms 775

other hybrid approaches -

e Combinations of Evolutionary Algorithms with local search, or
combinations of Evolutionary Algorithms with other concepts from
Machine Learning
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e Lamarckian evolution ™ ™

e Baldwin effect 7

e Memetic Algorithms [™¢

e other hybrid approaches "4

® Landscape approximation [°I:

e Try to adjust the parameters of a (simple) model M or function so
that it behaves similar to the (points so-far seen from the) objective
function f

e Optimize on this simple model (which has stronger causality)

e After a few steps, go back to original f and test solutions




@ Hybridization of EAs with local search:
Lamarckian evolution ['* ™!

Baldwin effect [*7°

Memetic Algorithms 775

[ ]
[ ]
[ J
e other hybrid approaches "4

® Landscape approximation [°I:

e Try to adjust the parameters of a (simple) model M or function so
that it behaves similar to the (points so-far seen from the) objective
function f

e Optimize on this simple model (which has stronger causality)

e After a few steps, go back to original f and test solutions

e Update M, then repeat




@ Hybridization of EAs with local search:
Lamarckian evolution ['* ™!

Baldwin effect [*7°

Memetic Algorithms 775

[ ]
[ ]
[ J
e other hybrid approaches "4

® Landscape approximation )
® (2-, n-) Staged optimization °!
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e First, apply an optimization algorithm with slow convergence, which is

good in exploring the search space and finding the region where the
optimum may reside




@ Hybridization of EAs with local search:
Lamarckian evolution ['* ™!

Baldwin effect [*7°

Memetic Algorithms 775

other hybrid approaches %4

® Landscape approximation )

® (2-, n-) Staged optimization *°:

e First, apply an optimization algorithm with slow convergence, which is
good in exploring the search space and finding the region where the
optimum may reside

e Then, apply an optimization algorithm which is very good at
explotation in that region only




@ Complexity

@ Unsatisfying Convergence
® Ruggedness & Causality
@ Deceptiveness

@ Neutrality

@ Epistasis

@ Scalability

e



e Gradient and information lead optimizer away from optimum [ °7

landscape difficulty increases

unimodal unimodal with multimodal (center very deceptive
neutrality and limits) deceptive

o Why??




e Countermeasures




e Countermeasures
@ Choose appropriate representation, maybe combine representations )




e Countermeasures

@ Choose appropriate representation, maybe combine representations )
@® Preventing convergence:




e Countermeasures

@ Choose appropriate representation, maybe combine representations )
@® Preventing convergence:

e Fitness Uniform Selection Scheme %




e Countermeasures

@ Choose appropriate representation, maybe combine representations )
@® Preventing convergence:

e Fitness Uniform Selection Scheme "%
e Novelty Search "

106]




@ Complexity

@ Unsatisfying Convergence
® Ruggedness & Causality
@ Deceptiveness

@ Neutrality

@ Epistasis

@ Scalability

e



e Neutrality: Many candidate solutions have same objective values

e Little or no information gained from sampling the solution space

landscape difficulty increases >

\/ |

unimodal not much gradient with some neutrality very neutral
distant from optimum

e Why??







e Neutral networks can connect different places in the search space




e Neutral networks can connect different places in the search space

global optimum
\ local optimum

premature conver-

ience



Good and Bad %\’

The evolvability of an optimization process in its current state defines how

likely the search operations will lead to candidate solutions with new (and
eventually, better) objectives values. 7"

e Neutral networks can connect different places in the search space

global optimum
local optimum

premature conver- small neutral
gence bridge
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Good and Bad %\’

The evolvability of an optimization process in its current state defines how
likely the search operations will lead to candidate solutions with new (and
eventually, better) objectives values. 7"

e Neutral networks can connect different places in the search space

global optimum

premature conver- sn?all neutral  ide neutral bridge neutral area too
gence bridge large
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@ Complexity

@ Unsatisfying Convergence
® Ruggedness & Causality
@ Deceptiveness

@ Neutrality

@ Epistasis

@ Scalability

e






Epistasis: The other root of all evil. .. %\,

1AQ>

One gene influences the behavior (contribution to the objective function)
of other genes [39, 112-119]

[108]

One gene is responsible for multiple phenotypical traits
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One gene is responsible for multiple phenotypical traits "%

A function of n variables is separable if it can be rewritten as a sum of n
functions of just one variable 2%
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Epistasis: The other root of all evil. .. %\

1AQ>

Definition (Epistasis)
One gene influences the behavior (contribution to the objective function)
of other genes [ 112117

Definition (Pleiotropy)

One gene is responsible for multiple phenotypical traits %

Definition (Separability)
A function of n variables is separable if it can be rewritten as a sum of n
functions of just one variable 2%

* non-epistatic (separable) problems can be solved efficiently by
decomposition

Metaheuristic Optimization Thomas Weise 34/72
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Epistasis in Bin Packing

Epistasis in Bin Packing with a
pure permutation representation

12 objects (with identifiers 0 to 11) and
sizesa=(2,3,3,3,4,5,5,7,8,9, 11, 12)
should be packed into bins of size b=14
9.3
g a.=9)
4 i .
102043 .

swap the first and fourth element of the permutation

g9,=x,=(10,11,6,0,2,9,4,8,5,7, 1,3)

bin size b = 14

Metaheuristic Optimization

|:> 9,=%=(0,11,6,10,2,9,4,8,5,7,1, 3)

Thomas Weise



Needle in a
Haystack

neutrality weak causality

—p» = causes




@ See countermeasures for ruggedness, neutrality, multi-modality. . .
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® Parameter Tweaking '

@ Linkage learning '*l and Variable Interaction Learning [*°):
e Try to find out which genes (components of the genotype) are
(epistatically) linked together
e Try to change these genes only together, consider them as a unit




Countermeasures %\’

@ See countermeasures for ruggedness, neutrality, multi-modality. . .
® Choose appropriate representation '*?"l and search operators [**/
® Parameter Tweaking "%

® Linkage learning "*>***1 and Variable Interaction Learning ¢

e Try to find out which genes (components of the genotype) are
(epistatically) linked together

e Try to change these genes only together, consider them as a unit

e For example: In crossover, try to always pass such genes together to
the offspring and to not separate them
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@ See countermeasures for ruggedness, neutrality, multi-modality. . .

® Choose appropriate representation ') and search operators '*°)
® Parameter Tweaking '

@ Linkage learning "7*! and Variable Interaction Learning [*°

@ If epistasis is limited: cooperative-coevolution approach % (see
later)




@ Complexity

@ Unsatisfying Convergence
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@ Epistasis

@ Scalability
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e Time required for solving NP-hard problems grows exponential with
input size

» Metaheuristic optimization: approximately solve A'P-hard problems
in feasible time

e ... but their time requirement also grows with problem size. ..

e “Curse of Dimensionality”: solution space volume increases
exponentially with number of decision variables (genes) ' 1%l

o Example: search in (1...10)"




Scalability §\

Time required for solving A'P-hard problems grows exponential with
input size

Metaheuristic optimization: approximately solve NP-hard problems
in feasible time
... but their time requirement also grows with problem size. ..

“Curse of Dimensionality”: solution space volume increases
exponentially with number of decision variables (genes) ' 14°]

Example: search in (1...10)"

any algorithm (for non-trivial problems) takes longer for larger
inputs. ..
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e Countermeasures
@ Parallelization and distribution:

e sub-linear speed-up can be achieved ™’
e Parallelization: Use multi-core CPU + multiple threads or GPU
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e Countermeasures
@ Parallelization and distribution:
e sub-linear speed-up can be achieved ™’

e Parallelization: Use multi-core CPU + muiltiple threads or GPUs """

e Distribution: Use multiple computers in a network """ a cluster, or a
grid
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e Countermeasures
@ Parallelization and distribution
@ Indirect Representation 1: Generative ["*" 42);
® Genotypes are small, search space is smaller, can be explored more
easily
e They are mapped to larger, more complex phenotypes by a simple
functional GPM
e Utilizes/assumes symmetries in the phenotypes
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e Countermeasures

@ Parallelization and distribution
® Indirect Representation 1: Generative [*" 14
@ Indirect Representation 2: Development [143 144
e Similar to generative mapping, the search space is smaller
e But: GPM is more complex, a simulation which incorporates feedback
from an environment or the objective function
® Better behavior than generative mappings
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e Countermeasures

@ Parallelization and distribution
® Indirect Representation 1: Generative [*" 14
® Indirect Representation 2: Development [14 144
® Exploiting Separability, e.g., with coevolution [1*¢-%8. 1451461
e Try to divide the problem into (almost) unrelated problems with
smaller search spaces
e Solve them more or less separately, combine solutions to get overall
solution, and repeat
e Cooperative Coevolution ™ ***: Use an EA that can find our how to
divide the problem by itself and then applies the above




e Countermeasures
@ Parallelization and distribution
® Indirect Representation 1: Generative [*" 14
® Indirect Representation 2: Development [14 144
@ Exploiting Separability, e.g., with coevolution [1*6-3: 145, 146]
@ Using multiple algorithms at once ™ or portfolios
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@ Scalability
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No Free Lunch Theorem %()

e Question: Can an optimization algorithm A be better than algorithm
B?

e Question: Can an optimization algorithm A be better than a Random
Walk?

» Wolpert and Macready "**/ — No Free Lunch Theorem: Over all
optimization problems ¢ over finite domains, the sum of the
probabilities to reach a certain objective value y after m steps with
algorithm A is the same as with algorithm B

3 P(ylé,m, 4) =" Plylo.m. B) )

Vo Vo
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According to the No Free Lunch Theorem, the answers are:

Question: Can an optimization algorithm A be better than algorithm
B? Not for all problems!

Question: Can an optimization algorithm A be better than a Random
Walk? Not for all problems!

Put simply: For every problem where method A works well, we can
construct a problem where the method does not work




No

Free Lunch Theorem %V

1AQ2

According to the No Free Lunch Theorem, the answers are:

Question: Can an optimization algorithm A be better than algorithm
B? Not for all problems!

Question: Can an optimization algorithm A be better than a Random
Walk? Not for all problems!

Put simply: For every problem where method A works well, we can
construct a problem where the method does not work
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e Different algorithms are good for different problems

N

crude sketch

performance

A\

all possible optimization problems

--------- random walk or exhaustive enumeration or ...

— = general optimization algorithm - an EA, for instance

------ specialized optimization algorithm 1; a hill climber, for instance
specialized optimization algorithm 2; a depth-first search, for instance




No Free Lunch Theorem

e Different algorithms are good for different problems and not all
possible problems actually occur in practice [ >

Evolutionary  GA, GP, ES,
Algorithms

Extremal ,
Optimiz. =

Simulated
Annealing

Downhill
| Simplex

Metaheuristic Optimization

Thomas Weise
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@ Complexity

@ Unsatisfying Convergence
® Ruggedness & Causality
@ Deceptiveness

@ Neutrality

@ Epistasis

@ Scalability

e



Summary §\

e Optimization is difficult: This was the first batch of problems

e Many problems can only be solved exactly with algorithms of high
complexity

e Metaheuristic optimizers may converge prematurely or non-uniformly
¢ Ruggedness is not good

e Deceptiveness is not good

e Neutrality can be good or bad

e Epistasis is always bad — and often a representation issue!

e No Free Lunch Theorem
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Thank you

Thomas Weise [% L &]
tweise@hfuu.edu.cn
http://iao.hfuu.edu.cn
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Institute of Applied Optimization
Shushan District, Hefei, Anhui,
China
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