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Special situation: Randomized Algorithms

Performance values cannot be given absolute!

1 run = 1 application of an optimization algorithm to a problem, runs
are indepdentent from all prior runs

Results can be different for each run!

Executing algorithm one time does not give reliable information

Statistical evaluation over a set of runs necessary
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e Two key parameter '
@ Solution quality reached after a certain runtime
@® Runtime to reach a certain solution quality
e Measure data samples A containing the results from multiple runs
and estimate key parameters.
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Absolute Runtime §\

Measure the (absolute) consumed runtime of the algorithm in ms
o :
e Results in many works reported in this format
e A quantity that makes physical sense
e Includes all “hidden complexities” of algorithm
¢ Disadvantages:
e Strongly machine dependent
e Granularity of about 10ms: many things seem to happen at the same
time
e Can be biased by “outside effects”, e.g., OS, scheduling, other
processes, 1/0, swapping, ...
e Inherently incomparable
e Hardware, software, OS, etc. all have nothing to do with the
optimization algorithm itself and are relevant only in a specific
application. ..
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Function Evaluations: FEs %()

Measure the number of fully constructed and tested candidate solutions

Results in many works reported in this format (or FEss can be deduced)
Machine-independent measure

Cannot be influenced by “outside effects”

In many optimization problems, computing the objective value is the
most time consuming task

e Disadvantages:
e No clear relationship to real runtime
e Does not contain “hidden complexities” of algorithm
e 1 FE: very different costs in different situations!
e Relevant for comparing algorithms, but not so much for the practical
application
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e Number FEs needed to reach a certain objective function value

e Prefered by Hansen et al.
e Measures a time needed to reach a target function value = "Algorithm
A is two/ten/hundred times faster than Algorithm B in solving this
problem”
e Benchmark Perspective: No interpretable meaning to the fact that
Algorithm A reaches a function value that is two/ten/hundred times
smaller than the one reached by Algorithm B
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Best objective function value reached after a certain number of FEs

Prefered by many benchmark suites such as .

Practice Perspective: Best results achievable with given time budget
wins.

This perspective maybe less suitable for benchmarking, but surely
true in practice.
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e No official consesus on which view is “better”.

e This also strongly depends on the situation.

e Best approach: Evaluate algorithm according to both methods.
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e How to determine the right maximum FEs or target function values?
@ From studies in literature regarding similar or the same problem.
@® From experience.
® From prior, small-scale experiments.
@ Based on known lower bounds
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e Crucial Difference: distribution and sample

¢ A sample is what we measure (10 throws, mean result 4)

A distribution is the asymptotic result of the ideal process
(Expected value: 3.5)

Statistical parameters of the distribution can be estimated from a
sample

Example: Dice Throw

Never foget: All measured parameters are just estimates.
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¢ The probability of drawing an element less than or equal to med(X)
is 50%

e The probability of drawing an element greater than or equal to
med(X) is 50%

e For a sorted data sample A = (aj, a9, ...,a,) of n elements the
median med(A) can be estimated as:



Median %\’ .

The median med(X) is the value right in the middle of a sample or
distribution, dividing it into two equal halves.

P(X <med(X)) > = /\P(X > med(X)) > (1)

l\')ll—\

¢ The probability of drawing an element less than or equal to med(X)
is 50%

e The probability of drawing an element greater than or equal to
med(X) is 50%

e For a sorted data sample A = (ay,as,...,a,) of n elements the
median med(A) can be estimated as:
an-1_ 4 if n is odd
med(A) = { 1 " :
7 (az + a%H) otherwise
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e Two data samples A and B with n, = n;, = 19 values.

10 127
mean(A) = 9 Z a; = — = mean(b =1 Z =533
|z A

[
3l
2 |E
4

—
2 3 4 5 6 7 8 9 10 11 12 13 14 value 10008

B

1

frequency

N W s

2 3 4 5 6 7 8 9 10 11 12 13 14  valud

1 10008



e Two data samples A and B with n, = n; = 19 values.

= med(4) =6
= med(B)=6

A

A =(1,3,4,4,4,5,6,6,6,6,7,7,9,9,9,10,11,12, 14)
B = (1,3,4,4,4,5,6,6,6,6,7,7,9,9,9,10, 11,12, 10 008)

frequency

N WA

_—
2 3 4 5 6 7 8 9 10 11 12 13 14 value 10008

outlieriB

1

frequency

- N w b

2 3 4 5 6 7 8 9 10 11 12 13 14 value 10008

1
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¢ When describing a random process, we should always use the median
instead of the mean. ¥, because

@ the median is more robust towards outliers,
@ the mean is useful (only) for symmetric distributions and badly
represents skewed distributions.

e The median is the first statistic we should take a look at!













1AQ

Quantiles %\

Definition (Quantile)

The g-quantiles divide a sorted data sample A = (a1, a2,...,ay) into g
parts T; which contain the same amounts of elements (i.e., quantiles are a
generalized median).

The k¥ g-quantile of 4, i.e., quantile];(A), can be estimated as follows:

kxn
t =
q
quantile®(4) = 3 (@ + o) iftis in'teger
4 arg otherwise
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Quantiles %()

Definition (Quantile)

The g-quantiles divide a sorted data sample A = (a1, a2,...,ay) into g
parts T; which contain the same amounts of elements (i.e., quantiles are a
generalized median).

The k¥ g-quantile of 4, i.e., quantile];(A), can be estimated as follows:

kxn
t =
q
l . . .
quantile®(4) = 2 (@t i) iftis |n'teger
4 arg otherwise

e The quantilel(A) is the median of A

e 4-quantiles are called quartiles.

Metaheuristic Optimization Thomas Weise 27/74
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A = (1,3,4,4,4,5,6,6,6,6,7,7,9,9,9,10,11,12,14)
mean(A) 7

B (1,3,4,4,4,5,6,6,6,6,7,7,9,9,9,10,11,12,10008)
mean(B) = 533

19

1 1
VaI‘(A) = 19—_1 (ai — mean(a))2 = 1188 =11
i=1
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1 4
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e Two data samples A and B with n, = np = 19 values.

A
mean(A)
B
mean(B)

var(A)

var(DB)

stddev(A)

stddev(DB)

(1,3,4,4,4,5,6,6,6,6,7,7,9,9,9,10,11,12, 14)
7
(1,3,4,4,4,5,6,6,6,6,7,7,9,9,9,10,11,12,10008)
533
19
1 198
o1 (a; — mean(a))? = 15 = 11
i=1
19
1 94763 306
512 bi— mean(b))? = —g N 52046281
=1
Vvar(A) = V11 ~ 3.316 624 79
\/var(B 94763 306 763 396 9904477743



e Two data samples A and B with n, = n; = 19 values.
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[
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3
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mean - stddev is outside
the measured data range!

Standard deviation here
is not useful here to
represent span of data.

how often was the value measured

.
.

frequency:

arithmetic mean mean(A)
median med(A)

mean(A) - stddev(A)
mean(A) + stddev(A)
10% quantile = quantile}®

90% quantile = quantile?

————

——

\ —

measured result objective value



e Robust statistic measures are:
@ Median
® Quantiles




e Robust statistic measures are:

@ Median
® Quantiles
e Only if necessary, compute the estimates of the
@ Arithmetic Mean
@® Standard Deviation
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¢ It means that one of the two algorithms is better with a certain
probability

e If we say “A is better than B", we have a certain chance « to be
wrong.
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e We can now e.g., perform 20 runs each with two different
optimization algorithms on one problem and compute the median of
one of the two performance measures.

o Likely, they will be different.
¢ For one of the two algorithms, the results will be better.
¢ What does this mean?

¢ It means that one of the two algorithms is better with a certain
probability

e If we say “A is better than B", we have a certain chance « to be
wrong.

e The statement “A is better than B" makes only sense if we can give
an upper bound « for the error probability!

Metaheuristic Optimization Thomas Weise 33/74
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o Compare two data samples A = (ay,a9,...) and B = (b1, b2,...) and

Get a result (e.g., “The median of A is bigger than the median of
B") together with an error probability p that the conclusion is wrong.

If p is less than a significance level (upper bound) «, we can accept
the the conclusion.

Otherwise, the observation is not significant.
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Underlying General Idea %V

e We observe some ongoing process P and make some kind of
observation O.

e Question: Can we say: “The observation O is a good approximation
of what process P does”?

e Question: How likely is this observation O in the case that it is NOT
an approximation of P.

e In other words: What is the probability that O occurs if it does not
represent the statistical distribution of the sampled process P?
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you give me 1 EUR.
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e We play 200 times.

e | win 180 times. You win 20 times.
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We play 200 times.

| win 180 times. You win 20 times.

Did | cheat? Is my coin “fixed”? (i.e., is your chance to win # 50%)

Assumption: | cheat. (alternative hypothesis H1)

It is impossible to compute my winning probability if | cheated. . .




Example for Underlying Idea %\’
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e Coin flip game: We flip a coin. If it is heads, | give you 1 EUR, if it is
tails, you give me 1 EUR.

e We play 200 times.

e | win 180 times. You win 20 times.

e Did | cheat? Is my coin “fixed”? (i.e., is your chance to win # 50%)
o Assumption: | cheat. (alternative hypothesis H;)

e |t is impossible to compute my winning probability if | cheated. ..

¢ Counter-Assumption: | did not cheat. (null hypothesis Hy)
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Example for Underlying Idea %\’

1AQ

e Question: How likely is it that | win at least 180 times if | did not
cheat?

¢ In this case, the probabilities for heads and tails are
q = P(head) = P(tail) = 0.5.

e Flipping a coin n times is a Bernoulli Process

¢ The probability P(k|n) to flip k € 0..n times heads (or tails) is thus:

P(kln) = <Z>0.5’“ k(1= 05)" 7 = <Z>0.5’“ £ 0577 = <Z> 2in

« For winning at least z = 180 times, we need to compute:!

[9-11]

P(k>zn) = ZP(i|n)

LEor the large n and k computation L u ] (12, 13]
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Example for Underlying Idea

Question: How likely is it that | win at least 180 times if | did not
cheat?

In this case, the probabilities for heads and tails are

g = P(head) = P(tail) = 0.5.

Flipping a coin n times is a Bernoulli Process °*!]

The probability P(k|n) to flip & € 0..n times heads (or tails) is thus:

P(kln) = (Z)O.Sk % (1—-0.5)""F = <Z>0.5’“ £ 0.5"F = <Z> 2%

For winning at least z = 180 times, we need to compute:

n 200
P(k>zn) = ZP(z‘\n) _ % > <2(i)0>

1=180
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e Question: How likely is it that | win at least 180 times if | did not
cheat?

In this case, the probabilities for heads and tails are
g = P(head) = P(tail) = 0.5.

Flipping a coin n times is a Bernoulli Process >
The probability P(k|n) to flip & € 0..n times heads (or tails) is thus:
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Example for Underlying Idea %\’

1AQ

e Question: How likely is it that | win at least 180 times if | did not
cheat?

e In this case, the probabilities for heads and tails are
g = P(head) = P(tail) = 0.5.
e Flipping a coin n times is a Bernoulli Process '
¢ The probability P(k|n) to flip k € 0..n times heads (or tails) is thus:

P(kln) = (Z)O.E)’“ #(1—05)"F = <Z>0.5’€ £ 05" = (Z) 2in

e For winning at least z = 180 times, we need to compute:
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Example for Underlying Idea %\’

1AQ

e Question: How likely is it that | win at least 180 times if | did not
cheat?
e In this case, the probabilities for heads and tails are
g = P(head) = P(tail) = 0.5.
e Flipping a coin n times is a Bernoulli Process
¢ The probability P(k|n) to flip k € 0..n times heads (or tails) is thus:

P(kln) = <Z>0.5’“ % (1—0.5)""F = <Z>O'5k « 05" F — <Z> zin

e For winning at least z = 180 times, we need to compute:

n 200
. 1 200\  1.8125.10%7
Pbz2ln) = S P(iI) = 55 3 ( - )”160691063

[o-11]

1

~ 1.279.10733
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Question: How likely is it that | win at least 180 times if | did not
cheat?

If the coin was an ideal coin, the chance that | win at least 180 out of
200 times is about 1-10733,

If you claim that | cheat, your chance to be wrong is about 1-10733.

Thus, if we cannot accept a chance p to be wrong higher than a
significance level o = 1%, we can still say:
The observation is significant, | did likely cheat.
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Statistical Tests: General Idea %()

o Compare two datasets A = (aj,az,...) and B = (b1, ba,...)
e sampled from two distributions D4 and Dp
e according to some statistical measure 7 (e.g., mean, median, ...).

e We observe that the (sample-based estimates of the) statistical
measures are different: v(A) # v(B).

e Question: If the observed difference in terms of = representative for
the real difference of D4 and Dp in terms of ?

¢ In other words: How likely am | to observe an experimental outcome
at least as extreme as what | saw if actually D4 = Dp (null
hypothesis Hy)?
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Statistical Tests: General Idea %()

e Assumption: Observed difference in y(A) and ~(B) are significant,
i.e., likely to occur (Hy).

e Counter-Assumption: Observed differences are result of random fluke
(Ho). ... Dy = Dp (and hence v(D4) =~(Dp))

e Compute the probability p of making an observation at least as
extreme as y(A) or y(B) if Hyp is true

e If pis less than a significance level « (usually 1% or 2%), we can
reject Hy and accept Hj.

¢ In this case, the optimization algorithm which produced the better set
of key parameter measurements is significantly better.
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Statistical Tests: General Idea %()

e Assumption: Observed difference in y(A) and ~(B) are significant,
i.e., likely to occur (Hy).

e Counter-Assumption: Observed differences are result of random fluke
(Ho). ... Dy = Dp (and hence v(D4) =~(Dp))

e Compute the probability p of making an observation at least as
extreme as y(A) or y(B) if Hyp is true

e If pis less than a significance level « (usually 1% or 2%), we can
reject Hy and accept Hj.

¢ In this case, the optimization algorithm which produced the better set
of key parameter measurements is significantly better.

e Otherwise, there is no difference
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A = (2,5,6,7,9,10)
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e As statistical measure -y, we take the Expected Value.

e The expected values are estimated with the arithmetic means:

mean(a) = %=6.5
mean(b) = E:4
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¢ Question: Is the difference between mean(a) and mean(b) significant
at a = 2%?
e Null Hypothesis Hy: A and B come from the same process, the
difference is due to the random character of sampling
e |dea: If A and B are from the same distribution, then
@ We actually have one big sample O = AU B from the same distribution
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A More Specific Example %\’

mean(a) = 5= 6.5
1
mean(b) = ZG =4

¢ Question: Is the difference between mean(a) and mean(b) significant
at a = 2%7?
e Null Hypothesis Hy: A and B come from the same process, the

difference is due to the random character of sampling
e Idea: If A and B are from the same distribution, then
@ We actually have one big sample O = AU B from the same distribution
@® The observed division into A and B occured by accident or chance!

O=AUB=(1,2,3,4,5,6,7,8,9,10)
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A More Specific Example %}

mean(a) = % =6.5
1
mean(b) = ZG =4

¢ Question: Is the difference between mean(a) and mean(b) significant
at a = 2%?
e Null Hypothesis Hy: A and B come from the same process, the
difference is due to the random character of sampling
e Idea: If A and B are from the same distribution, then
@ We actually have one big sample O = AU B from the same distribution
@® The observed division into A and B occured by accident or chance!
® Any division C' into two sets with 4 and 6 elements has the same
probability
O=AUB=(1,2,3,4,5,6,7,8,9,10)
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O=AUB=(1,2,3,4,5,6,7,8,9, 10)

Any division C into two sets with 4 and 6 elements has the same
probability

0] = 10
There are () = 210 different ways to draw 4 (or 6) elements from O
If Hy holds, all have the same probability

e Use a program to test the combinations




A More Specific Example %c),

O=AUB=(1,2,3,4,5,6,7,8,9,10)

Listing: Small tester program. ..

°
public class EnumerateAtLeastAsExtremeScenarios {
public static void main(String([] args) {
° int meanLowerOrEqualTo4 = 0;
int totalCombinations = 0;
[ ]

for (int i = 10; i > 0; i--) {
for (int j = (4 - 1); j > 0; j--) {
[} for (int k = (j - 1); k > 0; k--) {
for (int 1 = (k - 1); 1 > 0; 1--) {
if (((A + j +k + 1) / 4.0) <= 4) {
meanLowerOrEqualTo4++; }
totalCombinations++;

}rr}

System.out.println(meanLowerOrEqualTo4 + ", " + totalCombinations);
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e Any division C into two sets with 4 and 6 elements has the same
probability

e |0O|=10

o There are (') = 210 different ways to draw 4 (or 6) elements from O
e If Hy holds, all have the same probability

e There are 27 such combinations with a mean of less or equal 4.

e The probability p to observe a constallation at least as extreme as A
and B under Hj is thus:



A More Specific Example §\

O=AUB=(1,2,3,4,5,6,7,8,9,10)

Any division C into two sets with 4 and 6 elements has the same
probability

|O| =10

There are (') = 210 different ways to draw 4 (or 6) elements from O
If Hy holds, all have the same probability

There are 27 such combinations with a mean of less or equal 4.

The probability p to observe a constallation at least as extreme as A

and B under Hj is thus:

: < 2
_ #fcases C mean(c) < mean(b) _ 29 ~ 0.1286
#all cases 210 70

b
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e Extreme cases into the other direction are the same:

O = AuUB=(1,2,3,4,5,6,7,8,9,10)
10
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Zo = Zo— 5 =55
YoeO o=1
1
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e Extreme cases into the other direction are the same:

10

Zo = ZOZMZS5

YoeO o=1
1
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= (150t = () eeeen
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e Extreme cases into the other direction are the same:

mean(b):(é—ll Zb) <4 = (Z b> <4%x4<16

vbeB vbeB

O=AUB = Za:(Zo)—(Zb)
Ya€eA YoeO vbeB
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e Extreme cases into the other direction are the same:

mean(b):(é—ll Zb) <4 = (Z b> <4%x4<16

vbeB vbeB

O=AUB = Za:(Zo)—(Zb)
Ya€eA YoeO vbeB

> b<16 = (Za>255—16239

vbeB VYa€eA
1

mean(a) = 3 (Z a)
Va€eA

mean(b) <4 = mean(a) > % >6.5

¢ So we could have also done the test the other way around with the
same result!
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: <
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#all cases 210 70
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e ...we are wrong with probability p ~ 0.13

¢ At a significance level of a = 2%, the means of A and B are not
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e This was an example on how statistical tests work APPROXIMATELY




A More Specific Example %\,

1AQ

e The probability p to observe a constallation at least as extreme as A
or B under Hy is thus:
_ #cases C :mean(c) <mean(b) 27 9

=— =—~0.1286
#all cases 210 70

e |f we claim that A and B are from distributions with different
means. . .

e ...we are wrong with probability p ~ 0.13

¢ At a significance level of a = 2%, the means of A and B are not
significantly different! (2% < 0.13)

e This was an example on how statistical tests work APPROXIMATELY

e The method here is only feasible for small sample sets, real tests are
more sophisticated

Metaheuristic Optimization Thomas Weise 45/74



e Two types of tests:




e Two types of tests:
@ Parametric Tests




e Two types of tests:
@ Parametric Tests
e Assume that the data samples follow a certain distribution




e Two types of tests:
@ Parametric Tests

e Assume that the data samples follow a certain distribution

e Examples: t-test (assumes normal distribution)




e Two types of tests:
@ Parametric Tests
e Assume that the data samples follow a certain distribution
e Examples: t-test (assumes normal distribution)
e The distribution of the data we measure is unknown. ..




e Two types of tests:
@ Parametric Tests

Assume that the data samples follow a certain distribution
e Examples: t-test (assumes normal distribution)

e The distribution of the data we measure is unknown. ..

[ ]

...and usually not normal, see further example on statistical measures.




e Two types of tests:
@ Parametric Tests

e Assume that the data samples follow a certain distribution
Examples": t-test (assumes normal distribution)

The distribution of the data we measure is unknown. ..

...and usually not normal, see further example on statistical measures.

The condition for using such tests cannot be met (known distribution)




e Two types of tests:
@ Parametric Tests

Assume that the data samples follow a certain distribution
Examples": t-test (assumes normal distribution)

The distribution of the data we measure is unknown. . .

...and usually not normal, see further example on statistical measures.
The condition for using such tests cannot be met (known distribution)
Parametric Tests cannot be used here!
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e Two types of tests:
@ Parametric Tests
@ Non-Parametric Tests
Make no assumption about the distribution from which the data was

sampled.
Examples™: Mann-Whitney U Test "', Fisher's Exact Test !,

Sign Test"**”, Randomization Test *™",

Wilcoxon's Signed Rank Test ™.

e These tests are more robust (less assumptions)
e This is the kind of test we want to use!
e They work similar to the previous test example, but with larger sample

sizes
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e For comparing N > 2 algorithms, we can compare any two algorithms
with each other
e N Algorithms = k = N(IN — 1)/2 statistical tests

o [ tests and each with error proability a& = total probability E to
make error £ =1 — ((1 — a)¥)

e Correction needed: Bonferroni correction ! or (better) post-hoc
methods

[27, 28]




Compare N > 2 Algorithms %()

e For comparing N > 2 algorithms, we can compare any two algorithms
with each other

e N Algorithms = k = N (N — 1)/2 statistical tests

o [ tests and each with error proability a& = total probability E to
make error £ =1 — ((1 — a)¥)

¢ Correction needed: Bonferroni correction ) or (better) post-hoc
methods " #°I

* |dea of Bonferroni correction: Use o/ = a/k as significance level
instead of «, then the overall probability £ to make an error will
remain F < a.
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e So now we can compare N datasets.

e Most common representation of results: Table

| Pr Py P3 Py Ps Ps P; Py

e +in the i*" row and j** column means that process P; has significantly better
outputs than process P;

® - stands for significantly worse outputs

® 0 symbolizes that no significant difference could be detected
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Algorithm A

terminate at time y:
A is better than B

Algorithm B

terminate at time x:
B is better than A

(better) solution quality (worse)

runtime ~



Literature usually reports tuples “(instance, result, runtime)

e Example: “8t" DIMACS Challenge: The Traveling Salesman
Problem” -1

Problem: Papers often use a different termination criterion

Anytime Algorithms B?: Always have approximate solution, refine it
iteratively

e One measure point per run or instance does not tell the whole story!




The question of termination

Literature usually reports tuples “(instance, result, runtime)
e Example: “8t™ DIMACS Challenge: The Traveling Salesman
Problem” (-1

Problem: Papers often use a different termination criterion

Anytime Algorithms #2: Always have approximate solution, refine it
iteratively

One measure point per run or instance does not tell the whole story!

Using statistical tests cannot solve this issue (still: at one point in
time).

Metaheuristic Optimization Thomas Weise 50/74



The question of termination %()

e Literature usually reports tuples “(instance, result, runtime)
e Example: “8t™ DIMACS Challenge: The Traveling Salesman
Problem” (-1

e Problem: Papers often use a different termination criterion

¢ Anytime Algorithms *: Always have approximate solution, refine it
iteratively

e One measure point per run or instance does not tell the whole story!

¢ Using statistical tests cannot solve this issue (still: at one point in
time).

e We Should have the “whole curves’!

Metaheuristic Optimization Thomas Weise 50/74



The question of termination %()

e Literature usually reports tuples “(instance, result, runtime)
e Example: “8t™ DIMACS Challenge: The Traveling Salesman
Problem” (-1

e Problem: Papers often use a different termination criterion

¢ Anytime Algorithms *: Always have approximate solution, refine it
iteratively

e One measure point per run or instance does not tell the whole story!

¢ Using statistical tests cannot solve this issue (still: at one point in
time).

e We Should have the “whole curves”! ... ideally median curves over
several runs!
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e Plot the best objective value reached over time
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e Plot the median of the best objective value reached over time, over
all runs, on a given benchmark instance or aggregated over several
instances

e The smaller the value, the better
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Don't apply algorithms to just a single problem instance!

Apply algorithm to multiple different instances.

Apply algorithm to different problems.

Best: Use existing benchmark suite = results can easily be compared
with literature.

e Of course, results cannot simply be “added”
@ Evaluation by discussion
@® Evaluation with value-neutral point system, e.g., the point system of
Formula 1 car racing
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e Combinatorial Problems

Traveling Salesman Problem 3¢

CARPLib " (Capacitated Arc Routing Problems)

Bin Packing (3¢ %I

SATLIB I (Satisfiability Problems)

Vehicle routing Problem [

general combinatorial Operations Research problems !

e Bit Strings

e Numerical Problems

e Multi-Objective Optimization
¢ Dynamic Optimization

e Data Mining

e Genetic Programming



e Combinatorial Problems

e Bit Strings

NK-Landscapes *“ and similar -5
Royal Road %%

Tunable Benchmark Model %

Long Path Problems [ ¢

Spin-Glass Models [*

BinInt Problem 7]

OneMax Problem &7

e Numerical Problems

e Multi-Objective Optimization
e Dynamic Optimization

e Data Mining

e Genetic Programming



e Combinatorial Problems
e Bit Strings
e Numerical Problems

e BBOB ™ (Black-Box Continuous Optimization)
e CEC SS on Real-Valued Optimization > ™
e CEC SS on Large-Scale Optimization * ™

e Multi-Objective Optimization
¢ Dynamic Optimization

e Data Mining

e Genetic Programming




e Combinatorial Problems
e Bit Strings
e Numerical Problems
e Multi-Objective Optimization
e CEC SS Multi-Objective Optimization (¢ ™)

e CEC SS Constraint Optimization
e Problems by Deb et al. "

¢ Dynamic Optimization

e Data Mining

e Genetic Programming




e Combinatorial Problems
e Bit Strings
e Numerical Problems
e Multi-Objective Optimization
e Dynamic Optimization
e Moving Peaks Benchmark ! (real-valued)

e Data Mining

e Genetic Programming




e Combinatorial Problems

e Bit Strings

e Numerical Problems

e Multi-Objective Optimization
¢ Dynamic Optimization

e Data Mining

UCI Machine Learning Repository ¥ contains e.g.,
Iris Dataset [*

Wisconsin Breast Cancer Dataset ¢

Heart Disease Dataset ¥

¢ Genetic Programming




e Combinatorial Problems

e Bit Strings

e Numerical Problems

e Multi-Objective Optimization

¢ Dynamic Optimization

e Data Mining

e Genetic Programming

Artificial Ant #82,

Lawn Mower, Symbolic Regression "
Greatest Common Divisor Problem © 1

Royal Tree Problem 1
...and others [
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Summary %ﬁ)

¢ The optimization algorithms we consider in this lecture are
randomized.

e Comparing them must be done in a statistical way using data from
multiple runs
e Two key performance indicators:
@ best result after fixed number of FEs/runtime
@ number of FEs/runtime needed to get certain result
e For every single algorithm /configuration, compute:
® median of key performance indicators
@ quartiles or top/bottom 1% quantile
® don't trust arithmetic mean or standard deviation
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randomized.

Comparing them must be done in a statistical way using data from
multiple runs
Two key performance indicators:

@ best result after fixed number of FEs/runtime

@ number of FEs/runtime needed to get certain result
For every single algorithm/configuration, compute:

® median of key performance indicators

@ quartiles or top/bottom 1% quantile

® don't trust arithmetic mean or standard deviation
Do not only collect one data sample per run, try to plot progress
curves
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Summary %\

1AQ

¢ The optimization algorithms we consider in this lecture are
randomized.

e Comparing them must be done in a statistical way using data from
multiple runs

e Two key performance indicators:

@ best result after fixed number of FEs/runtime
@ number of FEs/runtime needed to get certain result

e For every single algorithm /configuration, compute:

® median of key performance indicators
@ quartiles or top/bottom 1% quantile
® don't trust arithmetic mean or standard deviation

¢ Do not only collect one data sample per run, try to plot progress
curves

e For given problem class: Look for well-known benchmarks!
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Standard Normal Distribution
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Mann-Whitney U Test




Mann-Whitney U Test 74
o Compares two datasets A = (a1, a9,...) and B = (b1, ba,...).
There are n, = |A| elements in A and nj, = | B| elements in B.

In total, there are n = n, + ny elements.
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@ Mixing and sorting.
@® Ranking
® Compute rank sums R,, Ry.

@ Compute sample statistics U,, Up
@ Set U = min{U,, Uy}

@ Compute critical U, values.

@ U < U, = diference between U, and U, significant




@ The elements a; and b; are mixed together and sorted.
@® Ranking
® Compute rank sums R,, Ry.

@ Compute sample statistics U,, Up
@ Set U = min{U,, Uy}

@ Compute critical U, values.

@ U < U, = diference between U, and U, significant
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@ Mixing and sorting.

@ Each element receives a rank corresponding to its position in the list.
® Compute rank sums R,, Ry.

@ Compute sample statistics U,, Up

@ Set U = min{U,, Uy}

@ Compute critical U, values.

@ U < U, = diference between U, and U, significant




@ Mixing and sorting.

@ Each element receives a rank corresponding to its position in the list.
Elements which have the same value receive the same rank:
i+ @+ 4+ +(G+m) m

Ti =Titl =+ = Tifm = p——1 =E+i

® Compute rank sums R,, Ry.
@ Compute sample statistics U,, Up
@ Set U = min{U,, Uy}

@ Compute critical U, values.

@ U < U, = diference between U, and U, significant
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@ Mixing and sorting.
@® Ranking
® The rank sums R, and R} are computed:

Ra = Z ’I"(ai)

Va;€A

> rba)

Vb eB

Ry

@ Compute sample statistics U,, Uy
® Set U = min{U,,U,}
@ Compute critical U, values.

@ U < U, = diference between U, and U, significant



@ Mixing and sorting.
@® Ranking
® The rank sums R, and R; are computed:

R, = Z r(as)= 28

Va;€A

> r(b)=77

Vb eB

Ry

@ Compute sample statistics U,, Uy
® Set U = min{U,,U,}
@ Compute critical U, values.

@ U < U, = diference between U, and U, significant



X
e)
H]
o
o

Ranks r, Ranks r;

S
18]

I
o
S
o

|
0



@ Mixing and sorting.
® Ranking
® The rank sums R, and R} are computed:

Re = Z r(a;)= 28

Va;€A

> r(bi)= 77

Vb;eB

Ry

For these sums, the following always holds:

n(n+1)

Ra+Rb: 2

@ Compute sample statistics U,, Uy
@ Set U = min{U,, U}
@ Compute critical U, values.

@ U < U, = diference between U, and U, significant



@ Mixing and sorting.
® Ranking
® The rank sums R, and R} are computed:

Re = Z r(a;)= 28

Va;€A

> r(bi)= 77

Vb;eB

Ry

For these sums, the following always holds:

n(n+1) S oog 77— 14 %15

Ra+Rb: 2 2

=105

@ Compute sample statistics U,, Uy
@ Set U = min{U,, U}
@ Compute critical U, values.

@ U < U, = diference between U, and U, significant



@ Mixing and sorting.
@® Ranking
® Compute rank sums R,, Ry.

@ The sample statistics are then given as:

U = R,— Nng(ng + 1)
2
U, = Ry— —""("; +1)

@ Set U = min{U,,U,}

@ Compute critical U, values.

@ U < U, = diference between U, and U, significant




@ Mixing and sorting.
@® Ranking
® Compute rank sums R,, Ry.

@ The sample statistics are then given as:

U, = RQ—W:28—21:7
U, = Rb—W:W—%:M

@ Set U = min{U,,U,}

@ Compute critical U, values.

@ U < U, = diference between U, and U, significant




@ Mixing and sorting.
@® Ranking
® Compute rank sums R,, Ry.

@ The sample statistics are then given as:

U, = RQ—W:28—21:7
U, = Rb—w=77—36=41

where the following always holds

Ua + Ub = NaNp

@® Set U = min{U,, Uy}
@ Compute critical U, values.

@ U < U, = diference between U, and U, significant



@ Mixing and sorting.
@® Ranking
® Compute rank sums R,, Ry.

@ The sample statistics are then given as:

U, = RQ—W:28—21:7
U, = Rb—w=77—36=41

where the following always holds

Us +Up =ngny = T7T+41 =6%x8=148

@® Set U = min{U,, U}
@ Compute critical U, values.

@ U < U, = diference between U, and U, significant



@ Mixing and sorting.
@® Ranking
® Compute rank sums R,, Ry.

@ Compute sample statistics U,, Up

@ The smaller of the two values is used as statistic U:

U = min{U,, Up}

@ Compute critical U, values.

@ U < U, = diference between U, and U, significant




@ Mixing and sorting.
@® Ranking
® Compute rank sums R,, Ry.

@ Compute sample statistics U,, Up

@ The smaller of the two values is used as statistic U:

U = min{U,,Up}= min{7,41} =7

@ Compute critical U, values.

@ U < U, = diference between U, and U, significant




@ Mixing and sorting.
@® Ranking
® Compute rank sums R,, Ry.

@ Compute sample statistics U,, Up
@ Set U = min{U,, Uy}

@ For the significance level « the critical U, values can be computed for the
two-sided test as

_ Map «@ nany (Na +np + 1)
Uo =735 z(l 2) \/ 12

@ U < U, = diference between U, and U, significant




@ Mixing and sorting.
@® Ranking
® Compute rank sums R,, Ry.

@ Compute sample statistics U,, Up
@ Set U = min{U,, Up}

@ For the significance level « the critical U, values can be computed for the
two-sided test as

U= g s (1 5) P D ot (1) Vi

@ U < U, = diference between U, and U, significant




@ Mixing and sorting.
@® Ranking
® Compute rank sums R,, Ry.

@ Compute sample statistics U,, Up
@ Set U = min{U,, Up}

@ For the significance level « the critical U, values can be computed for the
two-sided test as

=21 ) EREERED (1 2) o

12

where z is the probit function, the inverse cumulative distribution function of the
standard normal distribution.

@ U < U, = diference between U, and U, significant



@ Mixing and sorting.
@® Ranking
® Compute rank sums R,, Ry.

@ Compute sample statistics U,, Up
@ Set U = min{U,, Up}

@ For the significance level « the critical U, values can be computed for the
two-sided test as

=21 ) EREERED (1 2) o

12

where z is the probit function, the inverse cumulative distribution function of the
standard normal distribution.

The values of z can be looked up in the Standard Normal Distribution table in the
appendix.

@ U < U, = diference between U, and U, significant



Mann-Whitney U Test §\’

@ Mixing and sorting.

@ Ranking

@® Compute rank sums R,, Ry.

@ Compute sample statistics Uy, Up
@ Set U = min{U,, U}

@ For the significance level « the critical U, values can be computed for the
two-sided test as

NaNp o nanp (N +np + 1) o -
(o) i)
v 2 Z( 2 12 N 5) VO

where z is the probit function, the inverse cumulative distribution function of the
standard normal distribution.
The values of z can be looked up in the Standard Normal Distribution table in the
appendix.

e For o =10.05 we get z (1 — %) = 2(0.975) ~ 1.96

e For a =0.01, we find z (1 — ) = 2(0.995) ~ 2.575.

e Hence, Up.o5 ~ 24 — 1.961/60 ~ 8.82 and Up.01 ~ 24 — 2.575v/60 ~ 4.05.

@ U < U, = diference between U, and U, significant
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@ Mixing and sorting.
@® Ranking
® Compute rank sums R,, Ry.

@ Compute sample statistics U,, Up
@ Set U = min{U,, Uy}

@ Compute critical U, values.
@ Compare U with U,:




@ Mixing and sorting.
@® Ranking
® Compute rank sums R,, Ry.

@ Compute sample statistics U,, Up
@ Set U = min{U,, Uy}

@ Compute critical U, values.
@ Compare U with U,:

e The difference between U, and U, is significant at an error level « only if U
is smaller than U,




@ Mixing and sorting.
@® Ranking
® Compute rank sums R,, Ry.

@ Compute sample statistics U,, Up
@ Set U = min{U,, Up}
@ Compute critical U, values.

@ Compare U with U,:

e The difference between U, and U, is significant at an error level « only if U
is smaller than U,

o IfU < U, and U, < Up: A is from a distribution with a smaller median than
B




@ Mixing and sorting.
@® Ranking
® Compute rank sums R,, Ry.

@ Compute sample statistics U,, Up
@ Set U = min{U,, Up}
@ Compute critical U, values.

@ Compare U with U,:

e The difference between U, and U, is significant at an error level « only if U
is smaller than U,

o If U < U, and U, < Up: A'is from a distribution with a smaller median than
B (this is wrong with a probability of no more than «)




@ Mixing and sorting.
@® Ranking
® Compute rank sums R,, Ry.

@ Compute sample statistics U,, Up
@ Set U = min{U,, Up}

@ Compute critical U, values.

@ Compare U with U,:

e The difference between U, and U, is significant at an error level « only if U
is smaller than U,

o IfU < U, and U, < Up: A is from a distribution with a smaller median than
B (this is wrong with a probability of no more than «)

e If U < Uy and U, > Up: A is from a distribution with a larger median than
B



@ Mixing and sorting.
@® Ranking
® Compute rank sums R,, Ry.

@ Compute sample statistics U,, Up
@ Set U = min{U,, Up}

@ Compute critical U, values.

@ Compare U with U,:

e The difference between U, and U, is significant at an error level « only if U
is smaller than U,

o If U < U, and U, < Up: A'is from a distribution with a smaller median than
B (this is wrong with a probability of no more than «)

e If U < Uy and U, > Up: A is from a distribution with a larger median than
B (this is wrong with a probability of no more than «)



Mann-Whitney U Test x\’

@ Mixing and sorting.

@® Ranking

® Compute rank sums R,, Ry.

@ Compute sample statistics U, Up
@ Set U = min{U,, Up}

@ Compute critical U, values.

@ Compare U with U,:

e The difference between U, and U, is significant at an error level a only if U
is smaller than U,

e If U < Uy and U, < Up: A'is from a distribution with a smaller median than
B (this is wrong with a probability of no more than «)

e If U < Uy and U, > Up: A is from a distribution with a larger median than
B (this is wrong with a probability of no more than «)

o If U > U,: If we make a statement about the relationship of A and B, the
chance to be wrong is greater than a.
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Mann-Whitney U Test x\’

@ Mixing and sorting.

@® Ranking

® Compute rank sums R,, Ry.

@ Compute sample statistics U, Up
@ Set U = min{U,, Up}

@ Compute critical U, values.

@ Compare U with U,:

e The difference between U, and U, is significant at an error level a only if U
is smaller than U,

e IfU < Uy and U, < Up: A is from a distribution with a smaller median than
B (this is wrong with a probability of no more than «)

e If U < Uy and U, > Up: A is from a distribution with a larger median than
B (this is wrong with a probability of no more than «)

o If U > U,: If we make a statement about the relationship of A and B, the
chance to be wrong is greater than «. There is no significant difference
between A and B at level a.
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@ Mixing and sorting.
@® Ranking
® Compute rank sums R,, Ry.

@ Compute sample statistics U,, Up
@ Set U = min{U,, Uy}

@ Compute critical U, values.

@ e U,=7andU,=41,ie,U, <U,




@ Mixing and sorting.
@® Ranking
® Compute rank sums R,, Ry.

@ Compute sample statistics U,, Up
@ Set U = min{U,, Uy}

@ Compute critical U, values.

@ e U,=7andU,=41,ie,U, <U,
o [J < Uy s holds since 7 < 8.82




@ Mixing and sorting.
@® Ranking
® Compute rank sums R,, Ry.

@ Compute sample statistics U,, Up
@ Set U = min{U,, Up}

@ Compute critical U, values.

e U,=T7and U, =41, ie., U, < U,

o U < Upps holds since 7 < 8.82 = We can state that the samples in A
tend to be significantly smaller than those in B (with a probability to
err of less than 5%).




@ Mixing and sorting.
@® Ranking
® Compute rank sums R,, Ry.

@ Compute sample statistics U,, Up
@ Set U = min{U,, Up}

@ Compute critical U, values.

e U,=T7and U, =41, ie., U, < U,

o U < Upps holds since 7 < 8.82 = We can state that the samples in A
tend to be significantly smaller than those in B (with a probability to
err of less than 5%).

e —(U < Uppr) since 7> 4.05




@ Mixing and sorting.

@® Ranking

® Compute rank sums R,, Ry.

@ Compute sample statistics U,, Up
@ Set U = min{U,, Up}

@ Compute critical U, values.

@ e U,=7andU,=41,ie,U, <U,
o U < Upps holds since 7 < 8.82 = We can state that the samples in A
tend to be significantly smaller than those in B (with a probability to
err of less than 5%).
e (U < Up.o1) since 7> 4.05 = If we would say that A is different
from B, the probability to be wrong is more than 1%, i.e., at o = 0.01,
the difference between A and B is insignificant



@ Mixing and sorting.
@® Ranking
® Compute rank sums R,, Ry.

@ Compute sample statistics U,, Up
@ Set U = min{U,, Uy}

@ Compute critical U, values.

@ U < U, = diference between U, and U, significant
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