Diﬀicult Features of Combinatorial Optimization Problems and
the Tunable W-Model Benchmark Problem for Simulating them
Thomas Weise∗

Zijun Wu

Institute of Applied Optimization
Faculty of Computer Science and Technology
Hefei University
Hefei, Anhui, China
tweise@hfuu.edu.cn

Institute of Applied Optimization
Faculty of Computer Science and Technology
Hefei University
Hefei, Anhui, China

ABSTRACT
The ﬁrst event of the Black-Box Discrete Optimization Benchmarking (BB-DOB) workshop series aims to establish a set of example problems for benchmarking black-box optimization algorithms
for discrete or combinatorial domains. In this paper, we 1) discuss important features that should be embodied by these benchmark functions and 2) present the W-Model problem which exhibits them. The W-Model follows a layered approach, where each
layer can either be omitted or introduce a diﬀerent characteristic feature such as neutrality via redundancy, ruggedness and deceptiveness, epistasis, and multi-objectivity, in a tunable way. The
model problem is deﬁned over bit string representations, which allows for extracting some of its layers and stacking them on top
of existing problems that use this representation, such as OneMax,
the Maximum Satisﬁability or the Set Covering tasks, and the NK landscape. The ruggedness and deceptiveness layer can be stacked on
top of any problem with integer-valued objectives. We put the WModel into the context of related model problems targeting ruggedness, neutrality, and epistasis. We then present the results of a
series of experiments to further substantiate the utility of the WModel and to give an idea about suitable conﬁgurations of it that
could be included in the BB-DOB benchmark suite.
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1 INTRODUCTION
The aim of the ﬁrst Black-Box Discrete Optimization Benchmarking Workshop (BB-DOB@GECCO) workshop is to develop a standard methodology and problem set for the benchmarking of blackbox optimization algorithms for discrete and combinatorial domains.
With this paper, we make two contributions to this end:
(1) The goal of benchmarking is to get a complete picture of
the strengths and weaknesses of optimization methods. We
discuss a set of important problem features, which therefore should be represented in the set of BB-DOB benchmark
problems.
(2) We then propose the W-Model problem, which can simulate
these features in a layered, tunable way, for inclusion into
the BB-DOB benchmark set. The layers of this model can
also easily be combined with classical optimization problems.
Many real-world optimization tasks can be solved very eﬃciently with metaheuristics like Stochastic Local Search [17] and
Evolutionary Algorithms (EAs) [44]. However, some frequently
occurring problem characteristics cause diﬃculties for such algorithms [47, 51]. Some of the most important features that inﬂuence
the problem hardness are ruggedness, neutrality, and deceptiveness in the ﬁtness landscape as well as one of their causes, epistasis. The hardness of a problem further increases with the number of
involved objective functions. In real applications, the inﬂuence of
these features on the optimization process and their interactions
with each other are often a priori unknown and complicated to
measure.
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A comprehensive set of benchmark functions for discrete optimization should include problems which exhibit these features in diﬀerent
strengths and in diﬀerent combinations.
Many classical problems from operations research such as the
Traveling Salesman Problem (TSP) [6, 48] or the Maximum Satisﬁability Problem [1, 16] are not necessarily good choices for this
purpose. One reason for this is that the hardness of these problems
usually does not depend only on the “obvious” problem parameters
such as the number of cities, clauses, or decision variables. An instance of the TSP, for example, is not necessarily hard just because
it has a large number of cities. Regardless how many cities it has,
if they could be arranged in a circle or equidistant grid, we can
easily ﬁnd the optimal solution. For many classical problems, complex statistics need to be computed in order to get an impression
on whether a problem instance will be hard before trying to solve
it [27].
The requirements that a good problem for the BB-DOB benchmark set should meet can be divided into non-functional aspects
that increases its usability and functional properties which allow it
to produce scientiﬁcally interesting results [11]. Let us ﬁrst deﬁne
the non-functional requirements:
(1) The objective function(s) should
(a) have known ranges and
(b) be easy and fast to compute.
(2) The optimal solutions should be known.
(3) A standard representation from the discrete domain should
be used, such as bit strings or permutations.
(4) It should be possible to
• create both easy and hard problem instances at small scales
of the problem and
• derive a problem instance entirely and deterministically
derived from its parameters.
Having a fast-to-compute objective function with a known range
and being able to represent diﬀerent degrees of hardness within
small-scale problems will allow to conduct many experiments in
a short time as well as storing and processing candidate solutions
in an eﬃcient way. If the range of the objective value and the optimum are known, we have both easy ways to determine success or
failure as well as to compare the performance on problems of different scale/range, because we can normalize the objective values.
The last requirement aims at increasing the reproducibility of
experiments, which is currently a hot topic [18]. In the combinatorial domain problem instances are often speciﬁed in form of text
ﬁles following certain formats, requiring a researcher to both have
the paper and the problem instance ﬁles described in it. The latter
one is not needed if our requirement is met.
Besides such features which increase the ease of use of the model,
it should have the following properties from a “functional” (research) perspective:
(1) It should be well-motivated from the theoretical perspective
and allow establish connections to results already existing
in theoretical research or be theoretically tractable in way
that allows new theoretical results.
(2) Its ﬁtness landscape should exhibit features that are challenging for common metaheuristics, such as those discussed
at the beginning of this introduction.
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(3) Ideally, it should be possible to tune these features and study
them both separately and in combination.
(4) The hardness of the problem should be determined directly
by tunable parameters.
A benchmark problem meeting these requirements would be highly
suitable for experiments, as it would allow researchers to discover
and compare the mutual strengths and weaknesses of their algorithms. In this paper, we present W-Model, a tunable benchmark
model which fulﬁlls all the above functional and non-functional requirements. This problem, proposed in its original form by Weise
et al. [49], allows for studying several characteristic ﬁtness landscape features in a tunable way. It can be tackled both with ﬁxedlength and variable-length bit string representations either in a
single- or a multi-objective variant.
A problem proposed for the BB-DOB benchmark set should further meet the following availability criteria:
(1) It should be speciﬁed fully and reproducibly in the submitted paper.
(2) A reference implementation in one of the major programming languages should be provided as open source software
on a publicly-available repository.
(3) Comprehensive utilities should provided to show that the
reference implementation is equivalent to the deﬁnition in
the paper and to allow for testing whether an alternate implementation fulﬁlls the problem speciﬁcation.
(4) Example experiments and results should be available.
We provide an open source reference implementation of the model
in Java at http://github.com/thomasWeise/BBDOB_W_Model, including unit tests that allow for verifying the correctness of (possibly diﬀerent) model implementations, an automatic experiment
parallel execution environment, and an example experiment setup
with some simple metaheuristics applied to the W-Model. We suggest that a set of conﬁgurations of this problem into the black-box
discrete optimization benchmark suite.
In the following text, we ﬁrst discuss features that can make an
optimization problem hard together with their representation in
the W-Model in Section 2. We then analyze the related work, i.e.,
benchmark problems which try to model (subsets of) similar features in Section 3. We then conduct an experimental study showing that the W-Model suitable to simulate arbitrary complex optimization problems correctly in Section 4. In 5, we summarize our
research on the model.

2 DIFFICULT FEATURES AND MODEL
DEFINITION
Our W-Model [44, 49] possesses tunable neutrality and redundancy,
ruggedness and deceptiveness, epistasis, and multi-objectivity features. It is divided in distinct layers as sketched in Figure 1. These
layers correspond to a step-by-step transformation of a bit string
x to the objective value(s).
The baseline of the model problem is to ﬁnd a bit string x ⋆ =
0101010101010 . . . 01 of a predeﬁned length n consisting of alternating zeros and ones.
This setup is very similar to the OneMax problem. While the
goal of the OneMax problem is to ﬁnd a bit string x of minimal
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original bit string (here: variable-length)
x

0101 0110 0000 1110 1000 0

2

Introduction of Neutrality
m=2
u2 (g)

01 01 01 10 00 00 11 10 10 00 0
1 1 1 1 0 0 1 1 1 0

3

Introduction of Epistasis
n=4

insufficient bits,
at the end, use
n=2 instead of
n=4

1111 0011 10
e2
e4
e4
1110 0110 11

4

Multi-Objectivity
m=2, n=6

1110011011
padding:

(x1,x2)

5

110110 101010
x1
x2

Objective Values
n=6

110110 101010
f(x1)=3

6

x«[5]=0

g=12, n=6
g`=9

f(x2)=6

Introduction of Ruggedness
f(x1)=3

f(x2)=6

r12[f(x1)]=3

r12[f(x2))]=5

Figure 1: An example evaluation of a candidate solution for
the W-Model.

⋆ ) to x ⋆ = (1111. . . ), the goal unHamming distance h(x, xO
M
OM
der the W-Model is to minimize the Hamming distance h(x, x ⋆ )
to x ⋆ = (0101. . . ), as sketched in layer 5 of Figure 1. It can
be expected that the extensive body of research on the OneMax
problem [2, 9, 28, 40] would carry over to the baseline version of
the W-Model problem. This objective function can be computed in
O (n).
While suitable for the search space of bit strings of length n,
search spaces of variable-length bit strings can be facilitated as follows: Overly long strings are cut oﬀ after index n and the value
n − l(x) is added to the objective values for strings x whose length
l(x) is too short (l(x) < n).

2.1

Neutrality (layer 2)

The application of a search operator is neutral if it yields no change
in objective value [7, 37]. It is challenging for optimization algorithms if the best candidate solution currently known is situated
on a plane of the ﬁtness landscape, i.e., if all adjacent solutions have
the same objective values. The optimization algorithm then cannot

ﬁnd any gradient information1 and thus there is no direction into
which to proceed in a systematic manner. From the black-box point
of view, each search operation will yield identical results.
Researchers in the late 1990s and early 2000s hoped that neutrality could increase the “evolvability” in an optimization process
and may hence lead to better performance [7, 39, 41]. However,
other works indicate that there may not be an advantage in random
redundancy [23, 38], so especially uniform redundancy should always be avoided in representation design – but testing its impact
may show how the optimization algorithms can deal with problems where redundancy is unavoidable.
A well-deﬁned amount of neutrality can be generated in the
W-Model through uniform redundancy in the search space, as
sketched in layer 2 of 1. We therefore apply a trivial transformation u µ that shortens the original bit string x by an integer factor
µ ∈ 1. . . n. The i th bit in u µ (x) is deﬁned as 0 if and only if the majority of the µ bits starting at locus i · µ in x is also 0, and as 1 otherwise. The default value 1 set in draw situations has (in average) no
eﬀect on the ﬁtness, because the target solution x ⋆ is deﬁned as
a sequence of alternating zeros and ones. If the length l(x) of the
bit string x is not a multiple of µ, the remaining l(x) mod µ bits
are ignored. If µ = 1, no neutrality as introduced. This transformation could be plugged on top of any bit-string based optimization
problem and requires O (nµ) steps.

2.2 Epistasis (layer 3)
According to Lush [4, 26], the interaction between biological genes
is epistatic if the eﬀect on the ﬁtness from altering one gene depends on the allelic state of other genes. Transposed to optimization, two decision variables (here: bits) can be said to interact epistatically, if the contribution of one of these variables to the objective
value depends on the value of the other variable [4, 12, 31, 44].
Explicit epistasis is introduced in the W-Model as second transformation after the neutrality layer [44, 51]. A bijective function eν
is deﬁned, which translates a bit string
x of length ν to a bit string

eν (x) of the same length in O ν 2 steps. Assume that we have two
bit strings x 1 and x 2 which only diﬀer in one single location, i.e.,
their Hamming distance h(x 1 , x 2 ) is one. eν leads to epistasis by
exhibiting the following property:
h(x 1 , x 2 ) = 1 ⇒ h(eν (x 1 ), eν (x 2 )) ≥ ν − 1 ∀x 1 , x 2 ∈ {0, 1}ν

(1)

The meaning of Equation 1 is that a change of one bit in a bit string
x leads to the change of at least ν −1 bits in the corresponding mapping eν (x). This, as well as the demand for bijectivity, is provided
if we deﬁne eν as in Equation 2, where we use both the binary and
the two’s complement natural number representation of the string
x for simplicity:
Ì

x [j]
∀ x : 0 ≤ x < 2ν −1

 eν (x)[i ] =


∀ j ∈N0 :0≤j <ν ,
eν (x) =
(2)
j ,(i −1) mod ν


 e (x − 2ν −1 )
otherwise
 ν
In other words, for all strings c ∈ {0, 1}ν which have the most
signiﬁcant bit (MSB) not set, the eν transformation is performed

1 The term “gradient” is a concept from continuous

domains and we adopt it in a very
loose way to discrete domains as a compact way of stating “direction in the search
space where the objective values change (ideally improve).”

z
0000
0001
0010
0100
1000

®
®
®
®
®

e4(z)
0000
1101
1011
0111
1111

h³3

h=1

GECCO ’18 Companion, July 15–19, 2018, Kyoto, Japan
z
1111
0111
1011
1101
1110

®
®
®
®
®

e4(z)
1110
0001
1001
0101
0011

z
0011
0101
0110
1001
1010
1100
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®
®
®
®
®
®

e4(z)
0110
1010
1100
0010
0100
1000

Figure 2: An example for the epistasis mapping z → e 4 (z).
bitwise. The i th bit in eν (x) equals the exclusive-or combination
of all but one bit in x. Hence, each bit in x inﬂuences the value
of ν − 1 bits in eν (x). For all strings x with 1 in the MSB, eν (x)
is simply set to the negated eν transformation of x with the MSB
cleared (the value of the MSB is 2ν −1 ). This diﬀerentiation in e is
needed in order to ensure its bijectiveness for even ν .
Bit strings of arbitrary length can be divided into consecutive
blocks of the length ν and each of them is transformed separately
with eν . If the length l(x) of a given bit string x is no multiple
of ν , the remaining l(x) mod ν bits at the end will be transformed
with the function el (x ) mod ν instead of eν , as outlined in layer 3 of
Figure 1.
The tunable parameter ν for the epistasis ranges
 from 2 to n
leading to a complexity between O (n) and O n 2 . If m objective
functions are speciﬁed (see next section), the string length grows
to n ·m and so does the valid range for ν . If ν is set to a value smaller
than 3, no additional epistasis is introduced. Figure 2 outlines the
mapping for ν = 4.
This setup means that the interacting variables are all adjacent,
which may or may not be a feature present in real-world problems.
This property allows operations like single-point crossover to be
functional. One could increase the hardness by ﬁrst exchanging all
bits according to a ﬁxed permutation, which should be randomly
selected before the experiment. Here we vote against this measure,
since black-box optimization algorithms should not make assumptions about the relationship of decision variables based on their
location in the representation anyway.
Besides the explicit epistasis introduced here, implicit epistasis
can occur through the neutrality and ruggedness (see 2.4) mappings. To the best of our knowledge, it may not be possible to study
these three eﬀects completely separately, but with our model, welldosed degrees of epistasis, neutrality, and ruggedness can separately or jointly generated. Of course, this epistasis transformation
can again be plugged on top of any problem using binary string
representations.

2.3

Multi-Objectivity (layer 4)

Many optimization problems are multi-objective, i.e., involve multiple, possible conﬂicting criteria [10, 13, 14]. A task with m objective functions is created in the original W-Model by interleaving m
instances of the benchmark problem with each other and deﬁning
separate objective functions for each of them.
Instead of just dividing the candidate solution x in m blocks of
length n, each standing for one objective, we scatter the objectives
as illustrated in layer 4 of Figure 1. There, the bits for the ﬁrst
objective function comprise x 1 = (x [0], x [m], x [2m], . . . ), those used
by the second objective x 2 = (x [1], x [m+1], x [2m+1], . . . ).

If a variable-length representation is used, superﬂuous bits (beyond the index range 0. . . nm − 1) are ignored. If x is too short, the
missing bits in the phenotypes are replaced with the complement
from x ⋆ , i.e., if one objective misses the last bit (index n − 1), it
is padded with x ⋆ [n−1] which will worsen the objective by 1 on
average.
No bit in x is used in more than one objective, so the optimization goals are orthogonal and unrelated. The objective functions
of the W-Model will begin to conﬂict if epistasis (ν > 2) is applied.
Changing one bit in the candidate solution will then change the
outcome of at most min{ν,m} objectives. Some of them may improve while others may worsen.

2.4 Ruggedness and Deceptiveness (layer 6)
It is a general rule for representation design that it should exhibit
(strong) causality [34, 35]. Small search steps should lead to small
changes in the objective values. In rugged ﬁtness landscapes, this
is not the case: small changes in a candidate solution often cause
large changes in its objective values. This makes it harder for an
optimization algorithm to ﬁnd and climb a gradient in objective
space. Hand in hand with ruggedness goes deceptiveness. A region
of the ﬁtness landscape is deceptive if performing a gradient descend does not lead towards the optimal solution but instead away
from it.
There are two (possibly interacting) sources of ruggedness and
deceptiveness in a ﬁtness landscape. The ﬁrst one is the epistasis
already modeled, since it generally violates causality. The other
concerns the objective functions themselves, it lies in the nature of
a problem. We introduce this type of ruggedness and deceptiveness
a posteriori as a permutation r of the values from 0 to n which is
applied to the objective values.
In an objective function with low total variation, the objective
values of the neighboring candidate solutions are also neighboring.
In the W-Model without epistasis (ν ≤ 2), for instance, two solutions diﬀering in one bit will also diﬀer by one in their objective
values. We can write down the list of objective values the candidate
solutions will take on if they would bit-wise be improved from the
worst to the best possible conﬁguration as (n, n − 1, . . . , 2, 1, 0). Exchanging two of the values in this list will create some artiﬁcial
ruggedness. A measure for the ruggedness of such a permutation
Í
r is ∆(r ) = n−1
i =0 |r i − r i +1 |.
The original sequence of objective values has the minimum value
ˆ = n(n+1) . We can deﬁne
n and the maximum possible value is ∆
2
permutations rγ which are applied after the objective values are
computed and which have the following features:
(1) They are bijective (since they are permutations).
(2) They must preserve the optimal value, i.e., rγ [0] = 0.
(3) ∆(rγ ) = n + γ .
ˆ − n), we can ﬁne-tune the ruggedness. For γ ′ = 0,
With γ ∈ 0. . . (∆
no ruggedness is introduced. For a given n, permutations rγ ′ can
be produced with the function permutate in Algorithm 1.
Algorithm 1 consists of two parts. permutate constructs permutations with increasing ruggedness measure γ ′ . As shown in [49]
and Figure 3, using this transformation alone may lead to very deceptive problems at moderate levels of γ ′ . Hence, the permutations
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are re-arranged ﬁrst using a second function translate, which ensures that the problem hardness smoothly increases from easy to
rugged to deceptive and create permutations rγ .2
To illustrate this, all ruggedness permutations rγ for an objective function deﬁned over bit strings of length ﬁve (i.e., which can
range from 0 to n = 5) are shown in Figure 3. As can be seen,
the permutations scramble the objective function more and more
with rising γ and reduce its gradient information, before producing gradients which actually point away from the optimum. The
ruggedness transformation is sketched in layer 6 of Figure 1.

3

RELATED WORK

We now discuss problems based on ﬁxed-length bit string representations which were deﬁned in order to investigate problematic
features such those discussed in the previous section.
In the late 1980s, Kauﬀman [20] deﬁned the maybe most prominent member of this problem class, the NK landscape [20–22], a
family of objective functions with tunable epistasis. We exemplarily describe it with slightly more details to give an impression of
the general concept according to which such problems can be constructed. Each of the N bits xi in a candidate solution of the NK landscape contributes one real value f N K,i : {0, 1} K +1 7→ [0, 1] to the
objective function f N K . f N K,i is determined the value of xi and
the values of K other bits xi 1 , xi 2 , . . . , xi K called the neighbors of
xi , i.e., we get
f N K (x) =

N

1 Õ
f N K,i xi , xi 1 , xi 2 , . . . , xi K
N i =1

(3)

Whenever the value of a bit changes, all the contributions of the
bits to whose neighbor set it belongs will change too – to values
uncorrelated to their previous state. While N describes the basic
problem complexity, the intensity of this epistatic eﬀect can be
controlled with the parameter K: If K = 0, there is no epistasis
at all. For K = N − 1 the epistasis is maximized and the ﬁtness
contribution of each gene depends on all other genes.
Weise [44] discusses a variety on research work analyzing the
NK landscape, which did not allow modeling features such as neutrality or multi-objectivity – capabilities provided by the W-Model.
Meanwhile, multi-objectivity is introduced in the MNK landscapes [3,
42]. It should be noted that the W-Model would allow using an
(M)NK landscape on top of its neutrality transformation or in conjunction with the multi-objectivity mapping as a replacement of its
epistasis and ruggedness transformations. The problems devised
by Barnett [7], Geard et al. [15], Newman and Engelhardt [32]
and Lobo et al. [24] can similarly be integrated into the W-Model.
They extend the NK landscapes with neutrality features, which
then could be studied together in the context of multi-objective
optimization. The same holds for the p-spin model developed by
Amitrano et al. [5], which can be considered as an alternative to
the NK ﬁtness landscape for tunable ruggedness [43].
The Royal Road functions developed by Mitchell et al. [29] are a
set of special ﬁtness landscapes for GAs. Platel et al. [36] combined
them with Kauﬀman’s NK landscapes and introduced the Epistatic
Road. This landscape is signiﬁcantly harder to construct and to
2 At the place where the n is standing in Algorithm 1 (Line 19), the original version
of this paper had start. This is wrong, it should be n .

tune than W-Model and – like the other related works – also has
fewer capabilities.
The ND family of ﬁtness landscapes has been developed by Beaudoin et al. [8] in order to provide a model problem with tunable
neutrality. It also features deceptiveness via the internal use of
trap functions. Yet, it cannot model multi-objectivity, ruggedness,
or epistasis.
In [25], Lochtefeld and Ciarallo present an extension of the original version of the W-Model. Their TOP model aims to provide a
more ﬁne-grained objective convolution mechanism and it also applies two levels of ruggedness transformations. This extension has
successfully been used to explore the relationship of problematic
landscape features are related to the performance of multiobjectivization via helper objectives.

4 EXPERIMENTAL RESULTS
In order to verify whether this model suitably represents the features discussed, we have performed a comprehensive set of experiments [33] from which we will list the most signiﬁcant results.
These experiments were done in the framework of a Bachelor’s
thesis and are partially unpublished. They are based on an older
implementation of the model and the variable-length representation (which we do not recommend for usage in BB-DOB), but can
serve here to illustrate the features of our model problem.
In these experiments, we applied a standard multi-objective genetic algorithm with population size 1000, single-point crossover,
single-bit mutation, and a variable-length bit string genome with
a maximum string length of 8000 bits. In each test, we applied a
non-functional objective minimizing the length of the strings. We
suggest using these settings as default setup for all experiments involving our model in order to keep the results comparable. Furthermore, we have used tournament selection with tournament size 5
and Pareto ranking for ﬁtness assignment. For each setting, at least
50 runs have been performed.
In the experiments, we distinguished between success and perfection. Success means ﬁnding individuals x of optimal functional
ﬁtness, i.e., f (x) = 0. Multiple such successful strings may exist,
since superﬂuous bits at the end of genotypes do not inﬂuence their
functional objective. The perfect string x ⋆ has no such useless bits,
it is the shortest possible solution with f = 0 and, hence, also optimal in the non-functional length criterion. We refer to the number of generations needed to ﬁnd a successful individual as success
generations s and to those needed to ﬁnd the perfect solution as
perfection generations p.

4.1 The Basic Problem
In Figure 4a, we illustrate the basic problem complexity. The minimum, average, and maximum success generations š, s, and ŝ measured rise almost linearly after the basic problem parameter n has
exceeded 300 bits. The average perfection generations p are much
higher and rise faster, indicating that trimming down a solution to
the minimum length is a complicated process.

4.2 Ruggedness
As outlined in Section 2.4, the number of ruggedness permutations
r depends on the maximum objective values. Hence, it changes
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r4[f]
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f Dr3=8
f Dr1=6
f Dr2=7
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optimum pure ruggedness transformation (permutate only)

f

r 6,
Dr5=10

r8

ruggedness transformation with deceptiveness correction
(permutate+translate)

Dr6=11

f
r9

Dr8=13

minimal ruggedness
g=0, translated g,=0

r 8,

r 7,
f

Dr7=12
r10

Dr8=13

f

r10,

r 9,

r6

r7

Dr7=12
Dr10=15
Dr9=14 f
maximum ruggedness
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Dr9=14

f

f

Dr10=15 f

f
r5

Dr6=11 f Dr5=10 f
high deceptiveness
g=10, translated g,=5

200
150

generations

Figure 3: An example of the rγ permutations produced by Algorithm 1 for γ = 0..10 and q = 5.
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In Figure 4b, the average generations needed for ﬁnding a successful individual have been plotted against the basic problem complexity n and the ruggedness according to this scale. Apart from a
few peaks in the diagram occurring for n > 70, the problem hardness, as expected, increases very fast with the ruggedness.

The redundancy-based neutrality in our model exhibits a rather interesting behavior illustrated in 4c. Until a degree of µ ≈ 10, the
problems rapidly gets harder. From there on, a further increase of
µ only leads to a very slow increase in hardness. The reason for
this behavior is rooted in the crossover operations. If crossover is
present, it seemingly plays no role whether 10, 20, or even more
bits of the genotype determine the single phenotypic bits. To prove
this, the experiments were repeated with lower crossover rates.
Then, s increases much faster and also becomes unsolvable (in 1000
generations) very early. For the BB-DOB benchmark suite, we suggest using values µ ∈ 1. . . 4.

300

4.4 Epistasis

200
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Figure 4: Experimental Results

The behavior of the epistasis model component is as interesting
as that of the neutrality layer. Figure 4d shows that the problem
complexity steeply increases with rising values of ν . This becomes
even more obvious when comparing with Figure 4e, where the
number of experimental runs (out of 100) are plotted that were not
able to ﬁnd a successful individual up to the 1000-generation limit.
Both graphs, however, have also deep incisions at locations where
ν takes on values of the form 2 + 4v : v ∈ N. Such epistasis settings
lead to signiﬁcantly easier problems, which can be explained by
the nature of the epistatic mapping eν – it decreases the Hamming
distance of elements x 1 , x 2 which have originally h(x 1 , x 2 ) = ν /2
for such values [33]. For inclusion in the BB-DOB benchmark suite,
we therefore suggest to only use ν values that are not such multiples.

with the basic problem complexity. Furthermore, with the r permutation algorithms, also deceptive ﬁtness landscapes will be created [49]. For visualization purposes, a scale from 0 to 10 for ruggedness and for deceptiveness were used in [33], separating and ordering the two characteristics.

The usefulness of our model problem stands and falls with the ability to combine the diﬀerent features introduced in Section 2. Therefore, we ran multiple test experiments with a ﬁxed problem size
n = 80. One of them was to check how the epistasis and neutrality
interact in the model. Therefore, we have simply added up the previous two experiments (sketched in Figure 4f) and compared these
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“expected s” with results from real experiments with the same parameter settings. The results, depicted in Figure 4g, meet the expectations almost exactly in terms of the problem structure, while
exhibiting an almost constant quantitative oﬀset of about 100 generations.

4.6

Epistasis and Ruggedness

In Figure 4h, we have plotted an experiment series which combines
ruggedness and epistasis. The outcomes of these experiments are
very similar to the expected results when adding up Figure 4b and
Figure 4d for n = 80. A rising ruggedness component leads, however, to over-proportional increases in s. This may be due to epistasis making optimization complicated because it leads to ruggedness in the ﬁtness landscape. By introducing additional ruggedness
in the objective functions (which is what we are doing in this series), resonance like ﬁsh tailing seems to result.

5

CONCLUSIONS AND FUTURE WORK

In this paper, we have discussed requirements that a good benchmark problem for the BB-DOB suite should exhibit. On the functional side, the benchmark problem should allow investigating different ﬁtness landscape features separately and in combination.
Then, researchers can explore the mutual advantages and disadvantages of their algorithms. Non-functional requirements such as
low complexity, ease of understanding, and easy replication of experiments should increase the usability of the problem.
We showed that the W-Model meets all of these requirements. We provide a Java implementation of this model problem
at http://github.com/thomasWeise/BBDOB_W_Model along with
unit test for verifying other implementations, an automated parallel experimentation environment, and example experiments.
We then presented some results from experiments with the WModel problem [33, 49]. We have shown that our model is not only
simple and easily tangible from a theoretical point of view, but also
exhibits a behavior which meets our expectations in experiments.
We suggest to apply a set of speciﬁc single-objective, ﬁxed-length
representation settings of the model problem in the framework of
the BB-DOB benchmark suite. While we are still researching good
settings for the model parameters, we, for now, propose using
(1) a selection of values of n ranging from 10 to 64,
(2) all values of µ ∈ 1. . . 3,
(3) values of ν which are not of the form 2 + 4v and are close to
2 + ((n − 2) · i/10) for i ∈ 0. . . 10 together with powers of 2
and 10, and
(4) values of γ which are in n(n − 1) · i/20 for all i ∈ 0. . . 10
together with powers of 2 and 10.
These settings should lead to a set of well-reproducible problems
that cover a wide range of diﬃculties, from very easy (i.e., OneMax)
to highly epistatic and rugged landscapes with neutral plateaus.
We believe that establishing the W-Model as component of the BBDOB benchmark can help researchers to evaluate optimization algorithms in diﬀerent situations in an unbiased manner.
We thank the reviewers for pointing out that classical hardness
measures on which W-Model is conceptually built are known to
not be perfect and potentially misleading [19, 30]. Hence, more
research is necessary and one part of our future work is to learn
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more about the impact of the model settings on the optimization
process. By conducting further experiments, we will attempt to collect more empiric data on how the features of the ﬁtness landscape
inﬂuence the success probability of optimization.
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Algorithm 1: rγ ←− build_permutation(γ , n)
This algorithm is a corrected version compared to [44, 49].
Input: n: the maximum objective value
Input: γ : the γ value for tuning the ruggedness, with
γ ∈ 0. . . 12 n(n − 1) value
Data: i, j, k: counter variables
Data: start,max, upper: computed values
Data: γ ′ : the translated version of γ
Output: rγ : the permutation rγ for re-arranging objective
values
1
2
3
4
5
6
7

8
9

At the place where the n is standing in Algorithm 1 (Line 19), the
original version of this paper had start. This is wrong, it should
be n.

10
11
12
13
14
15
16
17

begin
return permutate(translate(γ ), n)
sub-algorithm r ←− permutate(γ ′, n)
r ←− allocate integer array of length n + 1


max ←− 21 n(n − 1)
if γ ′ ≤ 0 then start ←− 0
else


q
1
1
′
start ←− n − 1 − 2 + 4 + 2(max − γ )
k ←− 0
for j ←− 1 up to start − 1 do
if j is odd then r [j] ←− n − k
else
k ←− k + 1
r [j] ←− k
for j ←− start up to n do
k ←− k + 1
if start is odd then r [j] ←− n − k
else r [j] ←− k

22

upper ←− (γ ′ − max) + 21 (n − start − 1)(n − start)
j ←− n
for i ←− 1 up to upper do
j ←− j − 1
swap r [j] and r [n]

23

return r

18
19
20
21

24
25
26
27
28
29
30
31
32
33
34
35

sub-algorithm γ ′ ←− translate(γ , n)
if γ ≤ 0 then return 0
l ←− n(n−1)
 2 

i ←− n2 · n+1
2
if γ ≤ i then


q
n2 + 1 − γ
−
j ←− n+2
2
4

k ←− γ − j (n + 2) + j 2 + n


return k + 2 j (n + 2) − j 2 − n − j

else



q
1−(n mod 2)
2)+1
j ←− (n mod
+
+
γ
−
1
−
i
2
4

k ←− γ − (j − (n mod 2)) (j − 1) − 1 − i
return l − k − 2j 2 + j − (n mod 2) (−2j + 1)

